DETECTING NONTRIVIAL PRODUCTS IN THE STABLE HOMOTOPY
RING OF SPHERES VIA THE THIRD MORAVA STABILIZER ALGEBRA

XIANGJUN WANG?2, JIANQIU WUS3, YU ZHANG*, AND LINAN ZHONG!

Abstract. Let p > 7 be a prime number. Let S(3) denote the third Morava
stabilizer algebra. In recent years, Kato-Shimomura and Gu-Wang-Wu found
several families of nontrivial products in the stable homotopy ring of spheres
m.(S) using H**(S(3)). In this paper, we determine all nontrivial products in
m,.(S) of the Greek letter family elements ay,pB;,ys and Cohen’s elements &,
which are detectable by H**(S(3)). In particular, we show B1ys{, # 0 € m.(S), if
n=2mod 3, s #0,+1 mod p.

1. Introduction

The computation of the ring of stable homotopy groups of spheres, denoted
as 7.(S), is one of the fundamental problems in algebraic topology. The Adams-
Novikov spectral sequence (ANSS) based on the Brown-Peterson spectrum BP is
an incredibly powerful tool for computing the p-component of m.(S), where p is a
prime number. The E;-page of the ANSS is of the form Ext;’;,* pp(BP., BP,) and has
been extensively studied in low dimensions.

For s = 1, Extllg’;*BP(BP*,BP*) is generated by axpine1 for n > 0, and p ¥ k > 1
([12]).

For s = 2, Exté’;*BP(BP*,BP*) is generated by By jir1 for suitable (n,k, j,i) ([11,

D)

For s = 3, only partial results of Ext%’;* pp(BP., BP,) are known (see, for exam-
ple, [13, 14, 18]). Nonetheless, a construction of a family of linearly independent

t%’;* pp(BP., BP,) has been achieved ([11]).

Through the computations of Extlsg’;,* pp(BP., BP,) in low dimensions, numerous

nontrivial elements in 7,(S) can be obtained. In particular, for p > 7, there are the
Greek letter family elements, denoted as ay, B;, and y, with s > 1 [11, 15, 19, 20].
These families are represented by elements of the same name in Extllg’;* pp(BP.,BP,),

Extyy 5p(BP., BP.), and Extyy, ,,(BP., BP,), respectively.

elements denoted as vy, /5,5 in Ex
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Furthermore, using the Adams spectral sequence, Cohen [2] discovered another
family of nontrivial elements ¢, € 7.(S) with n > 1. The representation of ¢, in
Ext?l’;’;*BP(BP*,BP*) has also been studied in [2] (also see [3]).

Nontrivial products on 7.(S). There exists a natural ring structure on 7.(S) in which
multiplication is defined by the composition of representing maps. In order to gain
a deeper understanding of the ring structure of m,(S), it is necessary to determine
whether the product of certain given elements is trivial. The main purpose of this
paper is to find nontrivial products formed by the elements in {ay, By, vs, {sls = 1}.
To ensure these elements are well-defined, we assume p > 7 for the remainder of
the paper, unless otherwise specified.
Numerous results have been obtained in this direction. Just to mention a few:

(a) Aubry [1] shows that aiB2y2.8)2y2 #0if r<p—1.

(b) Lee-Ravenel [8] shows ﬁ';z_‘”—] #0for p>7.

(c) Lee [7] shows: (1) BB B BoBrp-1 # 0 for p>5,if k< p-1,s<p*—p-1,
and s £ 0 mod p; (2) 17,,6?‘1327, #0,if nt < p-1; (3) aiByy: # 0, if
r<p-2,2<t<p-1;(4) g'¢, #0.

(d) Liu-Liu [9] shows that @188y, # 0 if 4 < s < p.

(e) Zhao-Wang-Zhong [23] shows that y,_1{, # 0 if n # 4.

In recent years, Kato-Shimomura [5] have developed a method for detecting
nontrivial products on 7,.(S) through the use of §(3), where §(3) denotes the third
Morava stabilizer algebra [16]. This new approach offers an advantage when study-
ing products involving y, for arbitrarily large values of s. We can briefly recall their
strategy as follows.

There exists a natural map ¢ : Exty, ,.(BP., BP.) — Ext;’é)(]Fp,Fp) =: H**(S (3)).
The cohomology H**(S(3)) is studied in [3, 17, 22]. Given a product x = x;xp - x, €
m.(S), we let y = yiy2---y, € Extg, p,(BP,, BP,) represent x on the Ej-page of
the ANSS. If ¢(y) # 0, then y # 0 € Exty, pn(BP.,BP,). For the examples of
interest, y will not be eliminated by any Adams-Novikov differential due to degree
considerations. Thus, we can conclude that x # 0 € 7.(S) in this case.

Using this strategy, Kato-Shimomura [5] demonstrate the following: (1) a1y, # 0,
if s#0,£1 mod p; (2) B1y; #0, if s 20,1 mod p; (3) Boys #0, if s £ 0,+1 mod p.

Similarly, Gu-Wang-Wu [3] show that £y, # 0 if n # 1 mod 3 and s # 0,+1 mod
p-

Our main results. In this paper, we employ the “Detection via H**(S(3))” method,
which was developed in [3, 5], to detect nontrivial products on 7.(S). However,
instead of focusing on specific examples, we fully utilize the potential of this method
and enumerate all detectable products. The main results of our study are as follows:

Theorem 1.1. Let p > 7 be a prime. Let n =2 mod 3, and s # 0,1 mod p. Then
ﬁlysgn #0e€ JT*(S)

Remark 1.2. Utilizing the Adams spectral sequence, Kato-Shimomura [6] demon-
strated that By, # 0 € m.(S) holds true when 3 < s < p—2. The findings presented
in [6] and Theorem 1.1 address distinct ranges of (n, 5), with neither being a subset
of the other. The method of “Detection via H**(S(3))” possesses the advantage of
accommodating products involving vy, for arbitrarily large s.
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Theorem 1.3. Let p > 7 be a prime. We consider the products in 7,.(S) where each
factor belongs to {ay,Bs, Vs, s : s = 1}. Among all such products, only the following
ones can be detected as nontrivial products using the comparison with H**S (3).

a’lﬂZ,
ayys, if s #0,+1 mod p,
2

2)

3)

4) By,

5) Biys, if s 0,1 mod p,

6) ﬁlgna

7) Bays, if s £0,+1 mod p,

8) ¥slu, if n# 1 mod 3, s #0,+1 mod p,
9) alﬂ%?

0) @1B81Ys, if s £0,+1 mod p,

1) 2L, ifn=1mod 3

2) B1Yslu, if n =2 mod 3, s #0,+1 mod p.

The non-triviality of (1) ~ (11) has been determined by earlier works in [3, 5,

, 11]. We single out the new result (12) as Theorem 1.1. We have exhausted the

potential of the “Detection via H**(S(3))” strategy in Theorem 1.3. To detect other
nontrivial products in m.(S), different methods would need to be employed.

Organization of the paper. In Section 2, we review the basic structures of the Hopf
algebroid (BP., BP.BP) and the third Morava stabilizer algebra S(3). In Section 3,
we analyze the F,-algebra structure of H**S(3). We also discuss some typos in the

previous literature [3, 22]. In Section 4, we determine the images of {a, Bs, Vs, {sls =
1} under the comparison map ¢ : Ext;’;*BP(BP*,BP*) — H**(S(3)). In Section 5, we

prove Theorem 1.1 and Theorem 1.3.

2. Hopf algebroids

This section recalls the basic definitions and constructions related to Hopf al-
gebroids. In particular, we review the basic structures of the Hopf algebroid
(BP., BP.BP) and the third Morava stabilizer algebra S (3).

2.1. The Hopf algebroid (BP., BP.BP).

Definition 2.2. A Hopf algebroid over a commutative ring K is a pair (A,T) of
commutative K-algebras with structure maps
left unit map n, : A - T
right unit mapng : A - T
coproduct map A: T - T'®, T
counit mape: I' - A
conjugation map c: I' - T

such that for any other commutative K-algebra B, the two sets Hom(A, B) and
Hom(T', B) are the objects and morphisms of a groupoid.

An important example of Hopf algebroids is (BP., BP.BP). Recall that we have
(21) BP, = ﬂ*(BP)ZZ(p)[Vl,Vz,"'], BP.BP = BP.[t1,t2,- -]
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where the inner degrees are |v,| = |t,| = 2(p" — 1). Throughout this paper, we denote
vo = p, and fy = 1. The structure maps of the Hopf algebroid (BP., BP.BP) are

described in [4, 11, 18]. In practice, the following formulas [5] are useful.
(2.2) nr(v1) = vi + pty,

(2.3) nr(v2) = va + vith + pty  mod (p*, V),

(2.4) At)=1n®1+1®1,

(2.5) AMn)=681+101 +181 —viby.

i

. J+1 —k+j+1 .
- Yot @1, Jforix>1,

j+l1

Notations 2.3. We denote b; ; = %[(Z}'{:O fiok ® t]fkk)p
J = 0. See [21] for related discussions.

2.4. Morava stabilizer algebras. We recall the basic properties of the Morava sta-
bilizer algebras, which are studied in detail in [10, 16].

Let K(n). denote F,[v,, v, '], We can equip K(n). with a BP,-algebra structure via
the ring homomorphism which sends all v; with i # n to 0. Then we define X(n) :=
K(n). ®pp, BP.BP ®pp, K(n).. As an algebra, one has X(n) = K(n).[t,t, - ]/(vntf'n -
vf,‘tl-li > (). The coproduct structure of X(n) is inherited from that of BP,.BP.

Moreover, one can prove Extg, sp(BP.,V,'BP. /1) = Ext;’(”;l)(l((n)*,K(n)*)7 where
we let I, denote the ideal (p,vi,va, -+ , V1) C BP,.

We define the Hopf algebra S (n) := X(n) ®k. F,, where K(n), and Z(n) are here
regarded as graded over Z/2(p" — 1) and F, is a K(n).-algebra via the map sending
v, to 1. We call S (n) the n-th Morava stabilizer algebra. One can show

(2.6) Ext;’(;)(K(n)*, K(1n).) ®km), Fp = Ext;’z‘n)(IF"p,]Fp) =: H**(S (n))
For the purpose of this paper, from now on, we will only consider the case when
n = 3. We have the following results.

Proposition 2.5 ([17]). As an algebra, S(3) = IF,,[tl,tz,...]/(t;."3 — t;) and the inner

degrees are |t = 2(p* — 1) mod 2(p® — 1). The coproduct structure of §(3) is
k

that inherited from BP,BP. In particular, A(t) = Y % ® 10, for s < 3, and

A(ty) = ZIi:O h ® tfik - BS—3,2 for s > 3.

Notations 2.6. We let b; ; denote the mod p reduction of b;; in Notations 2.3.

2.7. Cobar complexes. Cobar complexes are helpful in computing certain Ext groups,

such as Ext*é;*BP(BP*’BP*)v Ext;’;*BP(BP*,v;lBP*/In), and Extz’;l)(Fp,Fp). We now

recall the relevant definitions and constructions.

Definition 2.8. Let (A,I') be a Hopf algebroid. A right I'-comodule M is a right

A-module M together with a right A-linear map ¢ : M — M ®4 " which is counitary
and coassociative. Left I'-comodules are defined similarly.

Definition 2.9. Let (A,T’) be a Hopf algebroid. Let M be a right I'-comodule. The
cobar complex Qp*(M) is a cochain complex with Q" (M) = M ®,4 l_"®s, where T is
the augmentation ideal of £ : I' - A. The differentials d : Q" (M) — QI{“’*(M) are
given by

Adm@x; ®x® - ®x;) = —(Y(m) —m@1)®x; X ® - ® X;

S
- Z(—l)/h.fim X ® @i ® (Z X, X))@ X ® @ X
i=1 Ji
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where we denote

(2.7) Zx;,ji ®x, = A) - 1®x-x5®1
Ji
(28) /l,',j[ =i+ |)C1| + -+ |)Ci,1| + |)C;’j’_|.

Proposition 2.10 ([18] Section A1.2). The cohomology of QF(M) is Ext:"(A, M).
Moreover, if M is also a commutative associative A-algebra such that the struc-
ture map ¢ is an algebra map, then Ext"(A, M) has a naturally induced product
structure.

3. The cohomology of S(3)

In this section, we discuss the cohomology H**S (3) := Eth’(*S)(F,,,]F,,) of the Hopf
algebra S(3). Ravenel [17] computed the F,-module structure of H**S(3). The F,-
algebra structure of H**S(3) was subsequently computed by Yamaguchi in [22], and
revisited by Gu-Wang-Wu in [3]. Unfortunately, both [22] and [3] contain typos.

We will say more about these typos in this section.

Theorem 3.1 ([3, 22]). As an F,-algebra, H*(S(3)) is isomorphic to the cohomology
H*(E;d,) of a certain differential graded algebra E, where

(3.1) E :=Elh;jli=1,2,3,j€Z/3],
is the exterior algebra with generators #;j, and the differential d, is given by
(3.2) dihi) == D hihiij
I<k<i-1
Moreover,
(3.3) di(xy) = di(x)y + (=1)*xdy(y)

for all monomials x,y € E and s denotes the homological degree of x. The generator
h; j corresponds to tfl € S(3) under the isomorphism H*(E;d;) = H*(S(3)). The
generator /; ; has induced inner degree |h; ;| = 2(p" — 1)p/ mod 2(p* — 1).

Remark 3.2. Recall from Proposition 2.5 that S(3) = ]1-'4',,[t1,t2,...]/(t{73 —t;). This

implies t{’/ = t;.”M € §(3). Corresponding to this, we have j € Z/3 in Theorem 3.1.

Proposition 3.3 ([3, 22]). Let p > 7 be a prime number. As a F,-module, H**S(3)
is isomorphic to E[p] ® M, where p := hsg + h3 1 + h32 € H'"S(3), M is a F,-module
with the following generators (i € Z/3):

dim0: 1;

dim1: ]’l]y,‘;

dim?2: €4y, 8iy ki;

dim3: eqihi;,  eqihiict,  ghviv1, M, Vi, &

dim4: eii, e4i€aivl, €4i8i+1, €4i8iv2, €aiki, O

dim5: eiihl,iH, eiihl,i+2> esiesinhiiy  (esjesinihiiva = esirieaiahy ),

€4iMiv2,  €4iVi, 13

dim6: ei,-€4,i+1, 6421’,»64,”2, €4,i€4,i+18i+2}

dim7: ey jeqir1fic2;

dim8: €] eqinagiv1 (€] €ainagiv1 = €5, €4.8is2)-
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Here, the generators are defined as follows:

eq; = hyihs i + hoiho i + hsihy 8i = haihy
ki := hyihy i1 Mi = h3ihyihy
Vi = h3ihyiih i &= 37 hse3i41 + hoohahao
0; = h3 ihoiaha ihy ni = h3ih3 oo iy

Here we denote es; := hy iha w1 + hoihi o for i € Z/3.

Remark 3.4. The original formula for & in [3] was &€ = Y b3 163 + X, Mol i1 hoiva.
However, that doesn’t represent a cocycle. We have corrected the formula for &
in Proposition 3.3. It corresponds to Yamaguchi’s generator ¢ in [22] under the
relation ¢ — & = =d(h3ohs2).

Using Theorem 3.1, one can compute the product relations of these additive
generators by hand.

Example 3.5. Direct computation shows
(1) hyjki = hyjhoihy i = —hoihyih o = —gih i -
(2) eajwrki = hyrihs jeoho i i1 + ho i hoiho ihy ey + B3 i hy e ho i i = 0.
(3) k* = hyihy je1hoihy e = 0.

It is also useful to notice that, for x € H*S(3), y € H*S(3), we have x -y =
(=D)y-x.

Computing the entire Fj-algebra structure of H**S(3) is straightforward but
quite tedious. Yamaguchi [22] and Gu-Wang-Wu [3] both listed the product re-
lations without providing proofs. Unfortunately, both papers contain typos. As
pointed out in [3, Remark A.1], the formula aog, = hobj — hibo in [22, Theorem
4.4] should be corrected to apg, = hob) — 2hiby under Yamaguchi’s notation. On
the other hand, [3, Appendix A] claimed ey ;e ;+1vi = —€s€4ir1fiva + %pe4,,~+264,ig,~+1.
However, one can tell this is wrong since es jes ;+1i+2 and pesire4;8i+1 have different
inner degrees. As another example, [3, Appendix A] claimed that v;h;; = %e4j+1 gir2
and hyeq;vi = 0. However, we have hyeqi1vi = hyvieqir = _%64,i+lgi+264,i+1 =
—%eimgHz # 0, since ei’i+le4,ig,'+2 # 0 is a generator in dimension 8. This brings to
a contradiction.

We have not reproduced all the product relations in H**S(3). We do not claim
we have found all typos in [3, 22].

For the purpose of this paper, we do not attempt to determine the entire F,-
algebra structure of H**S (3). In Proposition 3.6, we will recompute only the prod-
ucts that we actually need in this paper. Therefore, the result of this paper does
not depend on the computation of the full F,-algebra structure of H**S(3) in [3, 22].

Proposition 3.6. Let p > 7 be a prime number. We have the following nontrivial
products among generators of H**S (3):

® vwhig= %84,1g2 # 0.

o eq1vohipesp = %63,164,082 # 0.

® Voes| = —esopty + 3pesngt + pes ki # 0.

o eqivihyi = eqihy i # 0.

e kovy = %eilhl,z # 0.
Meanwhile, the following products are trivial:

hioki =0, koky =0, kohiges; =0, hypkovo =0
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Proof. We pick several typical examples to illustrate the method of computation.
The rest of the products can be computed similarly.
(1) vohyp = %64,1g2 # 0. Recall that by definition, we have

(3.4) vohio = [h3pha,1hi 2k 0],
(3.5) €182 = [hi1h3phophi o + hoihaohophi o + hi thy o ph 2]

Here, we use the bracket [ ] to emphasize these are cohomology classes. To simplify
notations, we denote A := h3,0h2,1h1,2/’l1,0, B = h1,1h3’2h2,2h1,2, C = hg,lhz,ohz,zhl,z,
and D := h31hy1haohi2. We want to show 3[A] = [B+ C + D]. We also denote
E = highy 1hs hio, F = hsohyihoohi, and G := hy 1highsoh ).

Next, we consider elements in homological degree 3, which has the same inner
degree as A, B,C,D. The point is, the differential of such elements might provide
relations among A, B, C, D. Direct computation shows:

(3.6) di(hsphshi2) = E-F + A= [A]l = [F] - [E].
(3.7) di(hsphy1hyp) = —C+ F+ A= [A] = [C] - [F].
(3.8) di(hsh3sh12) =—-B+ G+ D = [G] =[B] - [D].
(3.9) di(h30h32h12) = -G + F = [F] = [G].
(3.10) di(h31hp1hp) = D+ E = [E] = —[D].

Then we have 3[A] = 2([F] - [E]) + ([C] - [F]) = [C] - 2[E] + [F] = [C] +2[D] + [G] =
[C] + 2[D] + [B] = [D] = [B] + [C] + [D]. This shows vohio = %e4,1g2. Moreover,
es182 # 0 since it is a generator in dimension 4 by Proposition 3.3.

(2) es vohipeso = %63,164,0g2 # 0. This follows directly from (1). Moreover,
62,164,082 # 0 since it is a generator in dimension 8 by Proposition 3.3.

(3) hl,Okl = [/’llyghz,lhl’z] = 0. This is because dl(l’l3!0h1,2) = h1,0h2,1h1,2+h2,0h1,2h1,2 =
hioho1hy .

(4) k()kl = [/’12’0/’11,1}12’1}1]’2] = 0. This is because d](/’l3,ol’l1,1l’12,1) = 1’11,0/’12,1/’11,1}12,1 +
haphiphy1hoy + haohy 1hihip = hoohiahytha.

The rest of the products can be computed similarly. O

4. Images of a,B, 7y, {-family elements

In this section, we recall the constructions of the Greek letter family elements
in the E,-page Extj;;* sp(BP., BP,) of the Adams-Novikov spectral sequence. Then
we determine the images of {ay,By, Vs, {sls = 1} under the comparison map ¢ :
Extyy, 4p(BP., BP,) — H™(S (3)).

Note we can write ¢ as the composition of several maps. We have

(4.1) ¢ = Ext;’;*BP(BP*,BP*) A Ext;’;*BP(BP*, v;lBP*/I3) Y, H**(S(3))
with I3 = (p,vi,v2) C BP, and ¢ = Y304, where
(4.2) Y1 Eth’;*BP(BP*,v;IBP*/h) = Ext;’(’;)(KG)*, K(@3).),

Yo ¢ Extyly (K(3)., K3).) = Extyly (K(3).. K(3).) ®k(), Fye

(44)  ¥s Extyy (K3).. K(3).) @k, Fp > Extyly By Fy) = H™ (S (3)).
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4.1. a-family elements. Let n >0, p s > 1. Then v}" € Extg;*BP(BP*,BP*/p””).

We define @gpijne1 = 60(\/‘;‘””) € Ext;’;*BP(BP*,BP*)» where &y is the boundary-
homomorphism associated to the short exact sequence
n+1

(45) 0— QBP*BP(BP*) p_) QBP*BP(BP*) - QBP,BP(BP*/erl) -0

of cobar complexes (Definition 2.9). We often abbreviate ay to a;.
In order to determine the image of 7, we introduce the following notion.

Definition 4.2. Let n > 1. We define I[n] as the ideal of BP, generated by monomials
piv{v’; such that i + j + k = n. In particular, I[1] = (p,vi,v2) = I3 C BP..

Lemma 4.3. Let d denote the differential of the cobar complex QE;* pp(BP.). Let
x€l[n] C BP, = Q%’;*BP(BP*) for some n > 1. Then d(x) € I[n] ~Q}§;§*3P(BP*).

Proof. BP, can be regarded as a right BP.BP-comodule with ng : BP, — BP.BP as
the structure map. According to Definition 2.9, for x € BP,, we have

(4.6) dx)=—yx)+x®1=—-np(x) + xQ 1.

Note that if x € I[n], then x® 1 € I[n] - Q};;*BP(BP*). Therefore, it is sufficient to

show that ng(x) € I[n] -Qg’;* pp(BP.). Furthermore, by considering each summand

separately, we can assume that x is a monomial in BP, = Z,[vi,vz,---]. Write

x = p'vIVhy, where i + j+ k > n. Using (2.2) and (2.3), we have

nr(PVvEY) = nr(P RO RN

(4.7) ,- TR .
= p'(v1 + pt1)!(va + vit] + pta + L) nr(y)

where L € (p?, v’f )- Qll;’;* pp(BP.). By counting the exponents, we can see that ng(x) €

I[n] - Qg ,p(BP.).
]

Proposition 4.4. Concerning the image of the a-family elements under the map ¢
specified in (4.1), we have

(1) ¢lar) = —hyo.
(2) ¢(as) =0, for s > 1.

Proof. (1) The image of a; is computed in [5, Lemma 3.4]. Here, we still provide a
detailed computation to illustrate the method.
We have a; = §p(v;). By definition of the connecting homomorphism &y, we have

d(vy) _ _(r(v)) —vi®1) _
P P

where we let v| also denote the preimage of v; with respect to the map Qgp_gp(BP.) —
Qpp.pp(BP,/p"™") and let d denote the differential of the cobar complex Qgp_gp(BP.).
Therefore, upon reduction modulo I3, we find that n(a;) = —1;.

On the level of cobar complexes, the effect of ¢ is sending v; to 1. By Proposition
3.3, —t; represents —h; o in H**(S(3)). Therefore, ¢(a1) = Y(—t1) = —hip.

(2) For s > 2, we have

(4.8) do(v1) =

=1,

d S
(4.9) a; = 6o(V)) = (;1).
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Note that v{ € I[s]. By Lemma 4.3, d(v]) € I[s] - Qpp,pp(BP.). Then

(4.10) o)

€ I[s — 1] - Qpp pp(BP.).

Note s —1 > 1, we have
(4.11) ag € I[s — 11- Qpp,pp(BP,) C I[1] - Qpp gp(BP.) = I3 - Qpp_pp(BP.).
Upon reduction modulo I3, we have n(a,) = 0. Therefore, ¢(a;) = 0 for s > 1. ]

Notations 4.5. In this paper, we often abuse the notation and refer to the elements
in Ext"(A, M) by their representatives in the associated cobar complex Q" (M)
when no confusion arises. For example, here we let —f; denote the element in
Extll;’;*BP(BP*,vngP*/h) represented by —f; € Qg;*BP(vngP*/k).

Remark 4.6. Here, the result for ¢(;) differs from the formula in [5, Lemma 3.4] by
a negative sign, as our definitions of the differential in the cobar complex (Definition
2.9) differ by a negative sign.

4.7. B-family elements. Let ap =1, a, = p" + p" ' — 1 for n > 1. Define x, € v;lBP*
as

(4.12) Xo = o,

(4.13) x = x) = vy'vs,

(4.14) Xy =l - Vll’z—lvgz—pﬂ _ v72+P—1v]272—2pv ’
(4.15) Xn =Xy~ zvlfnvgn_pnilﬂ,n >3

with b, = (p+ D(p" ' = 1) for n > 1. Now, if s > 1 and Pllj < a,_; with j < p" if
s=1, then x3 € Extg’;*BP(BP*,BP*/(pi”’l,v{)). Define

(4.16) Bspyjie1 1= 8'8"(x}) € Extyp, po(BP., BP.)

where ¢ (resp. ¢”) is the boundary-homomorphism associated to E’ (resp. E”)
i+1 .

(4.17) E' -0 — Q(BP,) 2 Q(BP.) - Q(BP,/p'*) — 0,

(4.18) E” -0 — Q(BP./p™") 25 Q(BP./p™') — Q(BP,/(p*", ) =0,

where we let Q(—) denote Qpp pp(—). We often abbreviate Bsyn/;1 to Byyyj and Byt
to By When we work with S-family elements in practice, we require the indexes
(s, n, j,i) to satisfy certain relations as specified in the following theorem.

Theorem 4.8 ([11, 12]). Let p be an odd prime. ExIZB’;*BP(BP*,BP*) is the direct
sum of cyclic subgroups generated by Bypjis1 forn >0, pts>1,j21,i >0,
subject to: (1) j < p" if s =1, (2) pilj < ap_i, and (3) a,_i-1 < j, if p™*'|j.

Proposition 4.9. Concerning the image of the -family elements under the map ¢
specified in (4.1), we have

(1) ¢(B1) = —eq1.

(2) ¢(B2) = 2ko.

(3) ¢(Bs) =0, for s > 2.

( ) ¢(ﬂp”/p”) = —€4n+l1, for n > 1.
(5)

3
4
5 ¢(ﬁxp"/p") = 0; for n > 1, s> 2.
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Proof. (1) and (2) are computed in [5, Lemma 3.4]. Note the elements by :=
hiahsa +hothoo+haihy g, ko := hoohyy defined in [5, Theorem 2.7] correspond to e4
and ko respectively in our notation, see Proposition 3.3.

Before proving (3), (4), (5), we first introduce some notations.

Consider Bypn/pn = 6’6" (%), we denote

d'(x,)
v’fn

(4.19) Yoprypr 1= 07 (x3) = € Q(BP./p),

where we let x also denote the preimage of x; with respect to the map Q(BP./p) —

Q(BP./(p, vf ”)) and let d’ denote the differential map of the cobar complex Q(BP./p).
Similarly, using the definition of the connecting homomorphism §’, we have

’ d(yv " ")
(4.20) B =6 Q) = #“’ € Q(BP,),

where we let y,n,» also denote the preimage of yy/,» with respect to the map
Q(BP.) — Q(BP./p) and let d denote the differential map of the cobar complex
Q(BP,).

(3) Let n =0, s > 3. Then we have:

d/ S
(421) yo = 07y = 102

d@ys)
P

e I[s—1]-Q(BP./p).

(4.22) Bs=68"(ys) =

€ I[s—2]-Q(BP,) C I - Q(BP.,).

Upon reduction modulo 73, we have n(8,) = 0. Then ¢(8,) = 0 for s > 3.
(4) Let n > 1. We claim that in Q(BP./(p,v])), we can express X, as vy + Ly,
where L, € I[2p" — p"'1- Q(BP./(p, V" ).

If n = 1, we have x; = V) —v{v'vs = v € Q(BP./(p,v])) since v/ = 0 €
21 p?-p+l 2+p—-1_p>-2 2
Q(BP./(p,v)). If n = 2, we have x, = x — v W TP — WP = 8

p*=1 pP-p+l PPNy Po_ p’ .
ViV, € Q(BP./(p,v; )) since p,v| =0 € Q(BP./(p,v| )). The case for general
n > 3 can be proved analogously.
Consequently, we have

d'(x) _ a0l , 4L

4.23 Vo = 67 (x,) = _ 2 .
( ) P"/p Vll, Vf vll,

doyp) 1 (dOE)) 1 (d(Ly
4.24 B npn = 5,()7 n u) = = —d - + _d o .
( ) " /p P"/p p » vf P v}p

Note that L, € I[2p" — p"~']- Q(BP. /(p, vfn)). Analogous to Lemma 4.3, we have

d (L, _
(4.25) (pn ) ¢ I[p" - p"'1- Q(BP./p),
V1
(4.26) %d[d,([ﬁ")] ellp"-p~' = 11-QBP,) C I; - Q(BP,).
V1
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Using (2.3), we can write ng(v2) = v2 + vit} + pt, + L, where L € (p*,v]) - BP.BP.
Since p = 0 in Q(BP./p), we can write:

(4.27)

where L, € I[p™! = p"l - Q(BP,/p). This implies
(4.28) ]ljd(Lpn) elI[p™! - p" = 11-Q(BP,) C Is - Q(BP,).
Moreover, we have

%d(—t{’w ) = —%[A(tf"” y—1ed" - e1]

1

1
(4.29) = en+nely e - e

1
= _bl,n’

as defined in Notations 2.3.

Combining (4.24) ~ (4.29), we have n(B,1,,n) = —b1,, using Notations 2.6.

Next, we will show that ¥(b,,) = esn1 € H**S(3) for n > 0. Then, we can
conclude that ¢(B,m/p) = —ea i1, for n > 1.

Following Notations 2.6, we have y(b;,) = by,. By Proposition 2.5, in the cobar

2 3 ~
\(Fp), we have d(ts) = 1 ® B+6n®t +1301) —byy. Hence, we have

complex Qz’(’;

equivalent cohomology classes [b1,] = [t ® 5 + L ® tgz +13®1 3] = e43. This implies
Y(b12) = eq3.

Note that if a is not a multiple of p, then @’ = a modulo p. Hence, working
over F,, we have by, = Elp’n. Moreover, note that - t; in S(3), so we have
151,,,+3 = Bl,n. Similarly, one can show that e4,+1 = ein and e 43 = es,. Hence, we
conclude that ¥(by,) = e4,+1 for each n > 0.

This finishes the proof for statement (4).

(5) Let n > 1, s > 2. Direct observation shows x, € I[p" — p"~']- Q(BP./(p, v‘]’")).
From this, we can conclude

s n n—1 4
(4.30) xy € I[sp" — sp"~']- QBP.[(p,V")),
(4.31) Yspripr € Ilsp™ = sp"™' = p"]- Q(BP./p),
(4.32) By € Ilsp™ — sp™ ' = p" = 11- Q(BP,).

Note sp" —sp" ' —=p'—1=(sp—s—p)p" ' =1>sp-s—p—-1>p-3>1. We have
n(ﬂsp”/p”) = 0. Then ¢(ﬂsp“/p“) = 07 fOI' n= 1, s > 2.
[m]

4.10. y-family elements. Analogous to a-family and S-family elements, one can con-
struct y-family elements in Extz?’;* pp(BP+, BP,). For the purpose of this paper, we
only need to consider y; for s > 1. Recall the following result concerning ¢(ys) (see
[5, Lemma 3.4], also [3, Lemma 4.1]).

Proposition 4.11. Concerning the image of the y-family elements under the map ¢
specified in (4.1), we have

d(yy) = —s(s* = Dvg + s(s — Dpky, s> 1.
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Remark 4.12. Here, the result in Proposition 4.11 differs from the formula in [3, 5] by
a negative sign, as our definitions of the differential in the cobar complex (Definition
2.9) differ by a negative sign.

4.13. {-family elements. Let p > 7, s > 1. It is proved in [11, 15, 19, 20] that
ag, B, ¥s all represent nontrivial elements in m.(S). Using the Adams spectral
sequence, Cohen [2] also found another family of nontrivial elements ¢, € m.(S),
for n > 1. We also denote the representative of ¢, in the Adams-Novikov E,-page
Extyp pp(BP., BP,) by &,.

Cohen [2] shows ¢, = @18y +@1x € Ext%’;*BP(BP*, BP.), where x = %‘ax,k,jﬂspk/j,

§,K,

0 <ag; <p-1,and aj,p =0. Moreover, by comparing the inner degrejes, one can

pn7k+l +1

show [3] x = X @, pBspr/pr, Where k < n, s = i # L Then, simple calculation

shows that s > 2.
Proposition 4.14. Concerning the image of the {-family elements under the map ¢
specified in (4.1), we have

&(n) = hioeans1, n=1.

Proof. We have ¢, = a1/ +a1x. By Proposition 4.4 and Proposition 4.9, we have

¢(a)) = —hio, ¢Bp/p) = —e4ns1, and ¢(x) = 0. Therefore, ¢(Z,) = Pl )P(Bp/p) =
hi0eansi- O

Gathering the analysis of the a-family, S-family, y-family, and {-family elements,

we have the following result.

Proposition 4.15. Under the comparison map ¢ : Ext;’;*BP(BP*,BP*) — H**(S(3)),
all nonzero images of {ay, By, vs, {sls > 1} are listed as follows:

2) ¢(B1) = —eq,

3) ¢(B2) = 2ko,

4) ¢(y5) = —s(s* = Dvg + s(s — 1)pky, for s 2 0,1 mod p.
5) ¢(&n) = hipespsr, for n > 1.

Proof. This follows directly from Propositions 4.4, 4.9, 4.11, and 4.14. Note hjgeso =
eaphio # 0 since esphi is a generator of H>*(S(3)) (Proposition 3.3). Similarly,
hipesn = esphio # 0. Finally, hipes; # O since esjesnhio # 0 is a generator in
dimension 5. Therefore, ¢(,) # 0 for n > 1. |

5. Detection of nontrivial products in m.(S)
In this section, we prove Theorems 1.1 and 1.3.

Proof of Theorem 1.1. We consider the representation of 81y, on the Ej-page of
the ANSS. According to Propositions 4.15 and 3.6, we have

P(B1YsLn) = ea1(s(s* = Dvo = s(s = Dpki)hi p€ans1
= 5(s* = Deg.1vohi geans1 — (s — Dpeq 1kihy gesnsi
= S(S2 - 1)6‘4,1V0h1‘06‘4y0 (n =2 mod 3, hl,Okl = 0)

s(s>=1) ,
= T3 €41€4082

3
#0
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when n =2 mod 3, and s # 0,+1 mod p.

Hence, we conclude By, # 0 € Extg’;* pp(BP., BP,). Since By, vs, and , are all
permanent cycles in the ANSS, their product is also a permanent cycle.

Note the differentials of the ANSS have the form d, : ES' — ES7! where
r > 2. Additionally, the inner degrees of the elements in the ANSS are all multiples
of ¢ = 2p — 2. Thus, the first potentially nontrivial differentials in the ANSS
occur at dy,—1. Suppose B1ysl, is in the target of a differential d,. Then we have
8 =s+r>2p—12>13. This is a contradiction. Hence, 81y, is not in the target of
any differential in the ANSS. This proves By, survives to the nontrivial product

B1Ysén #0 € m(S). ]

Proof of Theorem 1.3. Let X = X; X, ---X,, be a product in 7.(S) where each factor
belongs to the set {ay,Bs,¥s,&sls > 1} Let x = xjxp---x, € Eth’;*BP(BP*,BP*)
represent X on the Adams-Novikov Ej-page. If X can be detected as nontrivial by
comparing with H**S(3), then we have ¢(x) # 0 € H**(S(3)).

On the other hand, if 0 # ¢(x) € H**(S (3)), then it follows that a < 9. Similar to
the arguments in the proof of Theorem 1.1, we can show that x can not be in the
target of any differential in the ANSS by degree reasons. Hence, the product X is
nontrivial in 7,(S).

For the rest of the proof, our task is to find all products X such that ¢(x) # 0.
Note ¢(x) # 0 implies ¢(x;) # 0 for 1 < i < m. Then X; € {a1,81,82, Vs Culs #
0,1 mod p,n > 1} by Proposition 4.15.

We first consider binary products. By Propositions 3.3, 3.6, and 4.15, we have:

1) ¢ara) = hi, =0,

#(a1B1) = hipesr # 0.

¢(a182) = —2h1 ko # 0, by Example 3.5.

d(arys) = s(s? — Dhygvo + s(s — Dphyok; = s(s*> = Dhgvo # 0, if and only if
s #0,+1 mod p, since hygvy # 0, h1ok; = 0.

( ) da1dy) = _hioe4,n+l =0,

(6) (B = ei] # 0, since 6421,1 € H**(§(3)) is a generator.

(7)

(8)

2
3
4

A~~~
O —

¢(B152) = —2es1ko = 0, by Example 3.5.

d(B1ys) = s(s*> — D)eq1vo — s(s — Dpey1ky # 0, if and only if s # 0,1 mod p by

Proposition 3.6.

(9) ¢(B14n) = —ea1hypesnsr # 0, since hl,Oeip hipesiesn, and hipesies = eiohl,l
are all generators in H**(S (3)).

(10) ¢(B3) = 4k§ =0, by Example 3.5.

(11) ¢(Bays) = =25(s*> — Dkovo + 2s(s — Dpkoky = =2s(s*> — Dkovo # 0, if and only
if s #0,+1 mod p,

(12) ¢(B2sn) = 2kohi pesn1 =0,

(13) ¢(ysy:) = 0, since p* = 0, vé =0, and vpk; = 0 by direct computation similar
to Example 3.5.

(14) ¢(ysn) = —s(s* = Dvohygeanir +5(s— Dpkihi pes i1 = —s(s* = Dvohy gea i1 # 0,
if and only if n # 1 mod 3, s # 0,1 mod p. Note vphjgesr = 0 by direct
computation similar to Example 3.5. Besides, we note that voh; geso # 0 and
vohioesy # 0. These assertions follow from the result that esvohipeso # 0
by Proposition 3.6.

(15) ¢(&méyn) = 0, since h%,o =0.
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For triple products, if X = X;X,X3 # 0, then X1 X5, X»X3, and X, X3 are all
nontrivial. By the above analysis, we only need to consider the following products.

(1) ¢(ap?) = —h1,0€42“ #0.

(2) pla1Brys) = —=s(s* = Dhigeavo — s(s — Dphipea ki = —s(s* = Dhygearvo # 0,
if and only if s # 0,1 mod p. Note hjpes vy # 0 since es1vohipeap # 0 by
Proposition 3.6.

(3) pla1Bays) = 25(s* — Dhyokovo + 25(s — Dphy okoky = 0, since hy okovo, hyoky =0
by Proposition 3.6.

(4) ¢(ﬁ?) = —eil = 0 by direct computation similar to Example 3.5.

(5) P(Blys) = —s(s*— 1)9421,1"0 +s(s— l)peilkl = 0, since 9421,1"0’ eilkl = 0 by direct
computation similar to Example 3.5.

(6) ¢(ﬁf{,,) = hl,oeile;;,,,ﬂ # 0, if and only if » = 1 mod 3. Note h1,062,1€4,07
hl,OeiJ = 0 by direct computation. Using the formula es;i1h1; = eaihiin
from Proposition 3.6, we have h1,0€421,1€4,2 = 642"164,2/11,0 = ei’le4,0h1,2 # 0 since
eile4yohz‘2h|,2 = 6421,164,082 # 0 is a generator.

(7) dB1Ysln) = s(s* = Degvohygeqns1 # 0, if and only if n =2 mod 3, s £ 0, +1
mod p. Note we have ey vohipeso # 0 by Proposition 3.6. On the other
hand, es1vohipes; = 0, and esvohipesr = 0 by direct computation similar
to Example 3.5.

For four-fold products, if X = X1 XpX3Xy # 0, then X, X,X5, XoX3Xy, X1X3X4, and
X1X,X, are all nontrivial. By the above analysis, there are no nontrivial four-fold
products.

In this way, we have found all nontrivial products of the desired form. The result
is summarized as Theorem 1.3.

O
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