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ABSTRACT. This paper studies the higher differentials of the classical Adams
spectral sequence at odd primes. In particular, we follow the “cofiber of 7
philosophy” of Gheorghe, Isaksen, Wang, and Xu [Acta Math. 226 (2021), pp.
319-407; Publ. Math. Inst. Hautes Etudes Sci. 137 (2023), pp. 107-243]
to show that higher Adams differentials agree with their corresponding higher
algebraic Novikov differentials in a certain range.

1. INTRODUCTION

The computation of the stable homotopy groups of the sphere ,(S°) is one
of the most important problems in homotopy theory. In recent years, a major
breakthrough in this area is the work of Isaksen-Wang-Xu [8], which successfully
extended the computation of the 2-primary components of 7,(S°) to dimension
90. Their computation is based on the “cofiber of 7 philosophy” developed in
Gheorghe-Wang-Xu [5]. The key insight of [5, 8] is that one can compute difficult
higher Adams differentials from higher algebraic Novikov differentials using motivic
homotopy theory. Although the method developed in [5] holds for arbitrary primes,
it has only been extensively exploited for 2-primary computations. In this paper,
we apply the “cofiber of 7 philosophy” to odd-primary computations.

Some classical spectral sequences. Throughout this paper, we let p denote a
fixed odd prime. The Adams spectral sequence (ASS) and the Adams-Novikov
spectral sequence (ANSS) are two of the most powerful tools to compute the p-
primary component of 7, (S°).

The Es-page of the ASS is Ext)* (F,,F,), where A, is the dual mod p Steenrod
algebra. We can write A, = Fp[t1,t2, -] ® Elr9, 71, T2, - -], where F,[t1,t0,- -]
is a polynomial algebra with coefficients in F,, and E[ry, 71,72, -] is an exterior
algebra with coefficients in F,,. The differentials of the ASS have the form d:14@ms :
ES(S) — Estrttr=1(8), r > 2.

The Ey-page of the ANSS is Extyy, 5p(BP,, BP.), where BP denotes the

Brown-Peterson spectrum. We have BP; := 7.(BP) = Z)[v1,v2,---], and that
BP,BP = BP,[ty,ts,- - -], where Z ), denotes the integers localized at p. The inner
degrees of the generators are |v,| = |t,,| = 2(p™ — 1).
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The algebraic Novikov spectral sequence (algNSS) [9, 13] converges to the Adams-
Novikov Fs-page. The Fs-page of the algNSS is Ewt?;f(IFp, I¥/1%+1) ) where I de-
notes the ideal (p,v1,v2,---) C BP,, and P, = BP,BP/I = F[t1,ts,---] is the
FF,-coefficient polynomial algebra. The differentials have the form d2!9 : EStF —
E‘f-{-l,t,k-i-r—l7 r>2.

Remark 1.1. Here, we have re-indexed the pages of the algNSS to align with the
notations in [5, 8].

The Es-page of the Adams spectral sequence can also be computed via a spectral
sequence, called the Cartan-Eilenberg spectral sequence (CESS) [2, 15]. For odd
primes p, the Es-page of the CESS coincides with the Fs-page of the algNSS up to
degree shifting [9].

These four spectral sequences fit into the following square [10].

(1.1) Bt (F,, I* /I =25 pots MR (R, F,)

algNSSﬂ \H/ASS

s ANSS
Extyp pp(BP., BP,) =2, (S°)

The Adams differentials d29%™* and the Adams-Novikov differentials d4~ are
difficult to compute in general. Such computations might require an understanding
of complicated geometric behaviors. On the other hand, the algebraic Novikov
differentials d*!9 are much easier to compute. This is because the entire construction
of the algNSS is purely algebraic.

It is long been observed that d%9 and d49%™* are closely related. It is desirable if
we could determine d24™¢ differentials based on d%9 computations. The following
result realizes the idea for r = 2, while the problem for general » > 2 remains open.

Theorem 1.2 (Novikov [13], Andrews-Miller [1, 10]). Suppose z is an element
in Extfqtk’tJrk(Fp,Fp) which is detected in the CESS by x € Eaty! (F,, IF/I%+1).
Then, 399 (2) is detected by dy'(z) € Baty ! (Fy, IFH1/IF+2).

Remark 1.3. Indeed, one can use this approach to find new nontrivial secondary
Adams differentials. See [19] for some practical examples.

New developments using motivic homotopy theory. For general r > 2,
Gheorghe-Wang-Xu [5] developed the “cofiber of 7 philosophy” to compare d2!9
with d44e™s_ One key feature of their approach is the usage of motivic homotopy
theory, which originated from the work of Morel and Veovodsky [12]. Motivic
homotopy theory behaves very similarly to the classical homotopy theory. For
example, there are motivic dual Steenrod algebras [16, 17] and motivic Adams
spectral sequences (mASS) [4, 6].

The computational technique of [5] can be illustrated in the following diagram.
(1.2) Eit;’;f(lﬁ‘p[ﬂ, F,) <— E(L’t;’;’*(FP[T], Fy[r]) — E;vt:l’i(]l?p7 F,)

* %

\H/WASS \H/mASS \H/ASS

e o~

70 (S99 /7) e 1, L (§90) > 7, (S0)
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They considered a map 7 : S%—-1 — 590 between p-completed motivic sphere
spectra. We let S00/7 denote the cofiber of the map 7. In diagram (1.2), the

left column is the mASS for ,@/T, the middle column is the mASS for S00,
and the right column is the classical ASS. The top horizontal maps are maps of
spectral sequences. Gheorghe-Wang-Xu [5] proved the left column is isomorphic
to the algNSS for any prime p. Hence diagram (1.2) provides a zig-zag diagram
to compare higher Adams differentials with their corresponding higher algebraic
Novikov differentials.

For p = 2, Isaksen-Wang-Xu [8] used the strategy above to determine dAems
based on computer generated d*'9 data. This enabled them to successfully extend
the computation of 2-primary stable homotopy groups from around 60 stems to
around 90 stems.

Our main results. In this paper, we follow the “cofiber of 7 philosophy” but
focus on the case when p is an odd prime. For odd prime p, the motivic Steenrod
algebra has a simpler form and the diagram (1.2) presents different features. Let
us explain our notations and then state our main results.

Notation 1.4. Let = be an element in the Fs-page of a certain spectral sequence. We
let [z]) denote the homology class of x on the Ey-page, where [z]5 is understood to
be 2. We say x can be lifted to the E,.-page if [z], is well defined, i.e., if d;([z];) =0
for each 2 < i < r.

Theorem 1.5. Let p be an odd prime. Let z € Extjltk’t+k(Fp,Fp) be an element

in the Ea-page of the ASS which is detected by x € Emt‘;f(Fp,Ik/IkH) with s <
2p — 2. Let r be an integer such that r +k < 2p — 2 and z can be lifted to the
E,.-page. Then we can write dA%ms([2],) = [w],, d*9([z],) = [y],, where w €
Emt;tk+r’t+k+r_l(]F‘p,]F‘p) can be detected by y € Emt}tl’t(lﬁ‘p, IkAr=1 [kt

Remark 1.6. In the motivic context, we say z € Eaty, (F,,F,) is detected by
x € Eatp, (Fp, I*/I**1) if and only if z lifts to Z € Extye (Fp[r],Fy[r]) which
maps to x € Extye (Fp[r],Fy) = Extp, (Fpy, I¥/I"1), as shown in diagram (1.2).

Theorem 1.5 shows, in a certain range, the higher Adams differentials agree with
their corresponding higher algebraic Novikov differentials. It is worth pointing out
that the result could fail for » > 2p — 1 — k. For example, let p > 5. The k-value
for b, € Ext);"(Fp,F,) is 0. It is proved that b, has nontrivial Adams differential
14)

(1.3) A58 (by) = hobl_ ;.
However, the corresponding algebraic Novikov differential is trivial
(1.4) d39  (by) = 0.

We also have the following result comparing the length of nontrivial algebraic
Novikov differentials and Adams differentials.

Theorem 1.7. Let p be an odd prime. Let z € Extiltk’Hk(IFp,IFp) be an element

detected by z € Extj;f(IFp, IF /IFY) with s < 2p — 2. If x is not a permanent cycle
in the algNSS, then z is not a permanent cycle in the ASS. Moreover, let r (resp.

r') be the largest number n such that x (resp. z) can be lifted to the E,-page, then
r >l
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Organization of the paper. In Section 2, we review some basic results in mo-
tivic homotopy theory as well as the “cofiber of 7”7 method of Gheorghe, Isaksen,
Wang, and Xu to compare higher algebraic Novikov differentials with higher Adams
differentials. In Section 3, we give the proofs for Theorem 1.5 and Theorem 1.7.

Acknowledgments. We would like to thank the anonymous referee for their con-
structive suggestions and detailed comments in revising this paper. The authors are
supported by the National Natural Science Foundation of China (No. 12271183).
The second named author is also supported by the National Natural Science Foun-
dation of China (No. 12001474; 12261091).

2. COMPARING dA99ms wiTH d%9

Motivic homotopy theory originated out of the work of Voevodsky and Morel
[12, 16, 17]. Motivic homotopy theory can be viewed as a successful application of
abstract homotopy theory to algebraic geometry and number theory. From categor-
ical and computational perspectives, the motivic stable homotopy category behaves
very similarly to the classical stable homotopy category. For example, there are mo-
tivic spheres, motivic homotopy and homology groups, motivic Eilenberg-MacLane
spectra, and motivic Steenrod algebras analogous to the classical ones. For readers
not familiar with motivic homotopy theory, [4, 11, 18] are some helpful references.

In this paper, we choose to work over the field C of complex numbers and assume
p is an odd prime. Under this setting, we have explicit formulas for the mod
p motivic Eilenberg-MacLane spectra H IF;“Ot and motivic dual Steenrod algebra
AC,.

Proposition 2.1 ([16, 17]). Let p be an odd prime. We have
HEF}', | =Ty[r],
where T has bi-degree (0,—1), and that
.AS* =TF,[r] @Fplt1,t2, -] ® E[10, 71, -],
where T has bi-degree (0, 1), t; has bi-degree (2(p' —1),p' —1), and 7; has bi-degree
2 -1 +1,p —1).

Under this setting, .A(f’* = I, [7] ®F, A is just the classical dual Steenrod algebra
tensoring the new coefficient.

There is a motivic analog of the classical Adams spectral sequence called the
motivic Adams spectral sequence (mASS) (see [4, 6]).

Proposition 2.2. There is a motivic Adams spectral sequence which converges to

the bi-graded homotopy groups of the HIF';”"t—completed motivic sphere 500, The
mASS has Ey-page

—

Ey""(8) = Bat}" (Fylr], Fyl7]) = m—s,u(5°0),
and differentials
d, : E$4U(S) — Estritr=lu(g),

For x € E3%%(S), we call s its homological degree, t the inner degree, and u the
motivic weight.
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There is a topological realization functor Re : SH™° — SH (see [3, 12]) from the
motivic stable homotopy category SH™°® to the classical stable homotopy category
SH. This functor maps the motivic sphere S%? to classical sphere S® and maps the
motivic Eilenberg-MacLane spectrum H]F;;“’t to the classical Eilenberg-MacLane
spectrum HTF,. For the other direction, there is also a constant embedding functor
C:SH — SH™°t, We have Re o C = id.

The functor Re induces a map ¢ from the mASS of the motivic sphere to the
classical ASS of the classical sphere.

(2.1) Bt () — s B3(9)

mAdams Adams
dr \L \Ldr

Etritr—Lu(g) o Eetrttr=1(g)

The effect of ¢, is inverting 7 (see [3, 4, 7]).

Proposition 2.3 ([4, 7]). Let p be an odd prime. There is an isomorphism
Emti{tg’i (Fplr],Fplr]) = Fplr] @, Eat}y’ (Fp,Fp).

Moreover, after inverting T, the mASS of the motivic sphere becomes isomorphic to
the classical ASS tensored over F, with Fplr, 7.

The element 7 can be lifted to a map 7 : $%~1 — S0 between HF}**-completed
motivic spectra. We denote the associated cofiber sequence as

§0.~T I, 500 % 00 /7,

The mASS for §0\’0/7’ has Ey-page E3""(Ct) = Ext’¢"(F,y[r],F,). To avoid
potential confusions with the differentials in the mASS for S/’(R, we denote the
differentials in the mASS for $%.0/7 as §™A44@™s The map 4 induces a map v from
the mASS for S0 to the mASS for S0 /7.

(2.2) Estu(Cr) <2 petu(s)

Adams mAdams
o i ld
T (e

Es+r,t+r71,u(c7_) P Es+r,t+r71,u(s)
r r

The effect of ¢ is just sending 7 to 0 (see [5, §]).
Finally, Gheorghe-Wang-Xu [5] proved there is an isomorphism x between the

mASS for 500 /7 and the regraded algebraic Novikov spectral sequence.

(23) Ei+2u7t,2u,t72u Kr E,,S.’t’u(CT)

ns+2u—t+1,2u,t—2u+r—1 Kr s+rit+r—1,u
E? - E7 (CT)

IR
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We can summarize these three comparison maps in the following diagram.

(2.4)

Est2u—t,2ut—2u for Es t, u(CT) Es,t,u(s) ér ; Es,t(s)

alg mAdams mAdams Adams
dT i 6T \L d \L dT i

— _ _ _ Kr _ Py r _
E;s‘:—&-Qu t+1,2u,t—2u+r—1 = E7s‘+7",t+r l,u(CT) Es+rt+r 1u(S) Ef+7"’t+T I(S)

R

The diagram (2.4) provides a zig-zag way to compare higher Adams differentials
dA4ems with their corresponding higher algebraic Novikov differentials d2!9.

3. PROOF OF THEOREMS 1.5, 1.7
We discuss several lemmas before we prove our main results.

Lemma 3.1. Let p be an odd prime, denote ¢ = 2(p—1). Given s,t > 0, we denote
Cst={i € Zli =t mod q, 0 <1i < s,t}. Then we have the following direct sum
decomposition of the classical Adams FEs-terms.

ats! (Fp,Fp) = @ Eaty ™' (F,, I'/TH)
i€Cs ¢

Proof. For odd prime p, the Cartan-Eilenberg spectral sequence collapses from Fs-
page with no nontrivial extensions [15, Theorem 4.4.3]. Hence we have

Bty (Fp,Fp) = @) Eatyy ™ (F,, I' /1),
i€l
Note the inner degrees [v,| = [t,| = 2(p" — 1) are all multiples of g. In order
for Emtfp:l’t_l(lﬁ‘mli/ﬁ“) to be nontrivial, we need i,s — i,t — ¢ > 0, and that

t — 1= 0 mod ¢. Hence ¢ needs to be in the set Cj ;.
O

Remark 3.2. Tt is worth pointing out that the Adams differential d5'%*™ may not
respect this decomposition.

Notation 3.3. Let z € Ea:tfcii (Fp,F,) be an element in the Adams Es-page. We let
Z denote the element 1 ® z € Fy[r] @p, Eat}' (Fp,Fp) & Eat’e" (Fp[r], Fplr]) in
the Es-page of the mASS of the motivic sphere. 7

Note we have ¢2(Z) = z. If z and Z can both be lifted to the E,-pages of the
respected spectral sequences for some r. Then ¢, ([Z];) = [z].

Lemma 3.4. Let z be an element in Extiii (Fp,Fp) which is detected by x €
Euxty, Rk, IF/T*Y). Then z € Ext®2" (Fy[r],Fy7]) has motivic weight 15E
Proof. For notation simplicity, we let ¢(—) denote the inner degree and let u(—)

k%, K

denote the motivic weight of an element in Ext /.’ (IFp [7],Fp[7]). By Proposition
2.1, we have u(t;) = 3¢(f;) for i > 1, and u(7;) = %t(n) — 1 fori>0.

Since z is detected by = € Euxt}, MEF(R,, I% /T, the number of 7;’s in the
expression of z is just k. Hence we conclude u(2) = 3t(z) — Lk = 5k O
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Lemma 3.5. Let z € Eazti{tk’Hk(Fp,Fp) be an element which is detected by = €
E:L't‘;;f(IFp, I* /151, (i) If Z can be lifted to the E,.-page for some r > 2, then z can
also be lifted to the E,.-page. (i) Further assume s < 2p — 2. Then z can be lifted
to the E.-page implies Z can also be lifted to the E,.-page.

Proof. (i) By assumption, d7*49@ms([z];) = 0 for each 2 < i < r. One can induc-
tively show that d{1%™*([2];) = 0 (hence [2];;1 is well defined) for each 2 < i < r
by commutativity of diagram (2.1).

(ii) Assume, for the sake of contradiction, that there exists 2 < r; < r such
that dmA%ems([z].) # 0. We claim that there exists a nontrivial differential

d;’md“ms([u}j) # 0, where u € Extitgb;t+b’%7a(ﬁp[r],IFp[T]) is non-7-divisible, 2 <
j <ri,and a > 0. 7

We let [vy],, denote d'49ems([z],. ) # 0. By the commutativity of diagram
(2.1), we have ¢, ([v1],,) = d29™5([2],,) = 0. So [v1],, is 7-torsion. Let a3 > 0
be the smallest integer such that 7%[v1],, = 0. Then there exists a nontrivial
differential dA%™* ([uy],,) = 7% [v1], # 0 with 2 < 75 < r1. The element [uy],,
is not divisible by 7 on the E,,-page. Otherwise, we have d74%™s([uy],,/7) =

@1=1y,],.,, which contradicts the definition of a;.

By Lemma 3.4, we have [Z],, € E:j_k’t+k’%(5). This implies

~ k+ryt+k+r;—1,%
[orlry = dAMme (2]y,) € BT TR,
Comparing the degrees, we have
. 1t ; _ gt
a1 [vl}rg c E:;-k-i-rl,t-‘rk-‘rrl 1,5—a1 (S), [ul}rg c E:Q—‘rk-i'ﬁ ro,t+k+ri—r2,5—a1 (S)

If u; is non-7-divisible, we can take d”49™s([u;],,) # 0 as the claimed differ-
ential.

Otherwise, since [u1]y, is not divisible by 7 on the E,,-page, we conclude uy /7
does not lift to the E,,-page. Then there exists differential d744™ ([u /7],,,) =
[va]r, # 0 with 2 < 75 < 73.

By the commutativity of diagram (2.1), we have

Gra ([v2]r) = d ™™ (dry ([ur /Ty )) = d21™ (D ([ua]ra)) = brg (349 ([ur] 1)),

and dmA%™s([uy],,) = 0 since u; can be lifted to the E,,-page. So [va]y, is 7-
torsion. Let ag > 0 be the smallest integer such that 792[vy],, = 0. Then there
exists a nontrivial differential d"49™*([uy],.,) = 792[ve]y, # 0 with 2 < ry < 73.
The element [us],, is not divisible by 7 on the E,.,-page.

For the degrees, we have

T

— P A -
A N )

s+k+ry—rotrs,t+k+ri—rotrs—1,% —(a1—1)
[UQ]TS € Er, : (S)v

a s+k+r1i—rotrs,t+k+ri—rotrs—1,2—(a1—1)—as
T7%[vg]y, € Er, 2 (S),

s+k+ri—rotrz—rat+k+ri—ratrs—ry, 5 —(a1—1)—az
[uQ}m € Ebr, : (S)

If uy is non-7-divisible, we can take dJ'49™* ([uy],.,) # 0 as the claimed differential.
Otherwise, we can repeat the process and obtain wusz,uy,---. Note there are only
finitely many integers between 2 and r1. After repeating this process several times,
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we will eventually obtain a desired nontrivial differential d;”AdamS([u] ;) # 0, where
u € Ex tHb St *(F,[r],Fp[r]) is non-7-divisible, 2 < j < rq, and a > 0.
By Proposition 2.3 and Lemma 3.1, we can write
u = Z T ”&i,
1€Cs1b,t4b

where u; can be detected by some m; € Ext},™" """ /(F,, I'/I"+). Comparing
the motivic weights using Lemma 3.4, we get n; = MTHQ > 0 for u; # 0.

Note u is non-7-divisible. This implies the n; = 0 term is nontrivial. In partic-
ular, we have b+ 2a € Csyp ¢44. This implies

(3.1) b+2a<s+b b+2a=t+bmodgq.

Note z € Emtg (Fp, I* /I%*1) implies t = 0 mod ¢. In summary, we have

(3.2) 0<2a<s, 2a=0modgq.

Then s > 2a > 2(p — 1), this contradicts s < 2p — 2. Thus we have proved (ii). O

Now we proceed to prove Theorem 1.5 and Theorem 1.7.

Proof of Theorem 1.5. Our strategy is to compare the differentials via diagram
(2.4). As we will see, with the given assumptions, diagram (2.4) can be specialized
to the following diagram.

Ko 2] P - Or
(3.3) [x]r [Z]r (2] (2]
Ko N - &r
[l (@], (@], [w]
By Lemma 3.5, [Z], is well defined and we have ¢,([Z],) = [z],. By Lemma
3.4, we have [Z], € E€+k btk g (S). Then we can write d™A4™3([2],) = [u],., where

s+k+7‘ t+k+r—1,%
u € Ext),

write

(3.4) u= Z T,

1€Cs fktr t+htr—1

(IFp [7],Fp[7]). By Proposition 2.3 and Lemma 3.1, we can

s+k+r—i,t+k¢+r—1—i(F Ii/IH-l) Com-
D> .

where u; can be detected by some m; € Ext P,
paring the motivic weights using Lemma 3.4, we get n; = w for @; # 0.

Since n; > 0, this forces ¢ < k+r — 1. By definition, ¢ € Csyj4rtyk+r—1 implies
(3.5) i>0, i=t+k+r—1 modgq,

where we denote ¢ = 2(p — 1). Moreover, since x € Emt;’f (Fp, I¥/T*+1), we have
t =0 mod ¢. In summary, we have

(3.6) 0<i<k+r—1, i=k+r—1 modyq

for nontrivial ;.

By assumption, we have 0 < k +r — 1 < ¢. Then (3.6) forces i = k +r — 1, the
corresponding n; = 0. So we can rewrite (3.4) as u = W, where we let w denote
Ug+r—1. We also let y denote my4,.—1 detecting w.
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We have dAdems([2],) = [@],. Note ¢,.([@],) = [w],. The commutativity of
diagram (2.1) implies d29™3([2],) = [w],..

Note [Z], and [@], are non-7-divisible, v sends [Z], and [@], to the corresponding
elements in EX**(C1) of the same form, which we abuse the notation and still
denote by [Z], and [W], respectively. The commutativity of diagram (2.2) implies
gyrAdams ([2],) = [,

Finally, the the isomorphism k associates Z with = and w with y. Hence
r([2]s) = e, 5o ([yly) = (@), and d2'9((a],) = [y),-

Now we have completed diagram (3.3). The results of the theorem follow directly.

O

Proof of Theorem 1.7. We can prove the following equivalent statement: suppose
r > 2 is an integer such that z can be lifted to the E,-page (of the ASS). Then x
can also be lifted to the E,-page (of the algNSS).

We will establish the statement using an inductive approach. By definition, x
can be lifted to the Fs-page. Next, assuming that x can be lifted to the F;-page
with 2 < i < r, we need to show that d**([z];) = 0. This will imply that z can be
lifted to the E;1-page.

We study the differential d*([z];) via diagram (2.4). As we will see, with the
given assumptions, diagram (2.4) can be specialized to the following diagram.

K - i L i
(3.7) )i [2]: [2i [2]:
d;llgi lém/‘;da”m< ldeAdams‘ J/dAdams‘
0—% >0 20
By Lemma 3.5, Z can be lifted to the E,.-page of the mASS of the sphere. Hence
dmAdams (7)) = 0. Note [Z]; is non-7-divisible, so ¢ sends [?]; to the corresponding

element in E***(C7) of the same form, which we abuse the notation and still
denote by [Z];. The commutativity of diagram (2.2) implies §A4™s([z];) = 0.

Finally, using the isomorphism &, we deduce d?*?([z];) = 0.
[
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