DETECTING NONTRIVIAL PRODUCTS IN THE STABLE HOMOTOPY RING
OF SPHERES VIA THE THIRD MORAVA STABILIZER ALGEBRA

ABSTRACT. Let p > 7 be a prime number. Let S(3) denote the third Morava stabilizer
algebra. In recent years, Kato-Shimomura and Gu-Wang-Wu found several families of
nontrivial products in the stable homotopy ring of spheres 7,.(S) using H**(S(3)). In this
paper, we determine all nontrivial products in 7.(S) of the Greek letter family elements
a5, Bs,Ys and Cohen’s elements £, which are detectable by H**(S(3)). In particular, we
show £,B1ys # 0 € m.(S), if n =2 mod 3, s # 0, 1 mod p.

1. INTRODUCTION

The computation of the ring of stable homotopy groups of spheres, denoted as m.(S),
is one of the fundamental problems in algebraic topology. The Adams-Novikov spectral
sequence (ANSS) based on the Brown-Peterson spectrum BP is an incredibly powerful
tool for computing the p-component of x.(S), where p is a prime number. The E,-page
of the ANSS is of the form Ext}}, ,,(BP., BP,) and has been extensively studied in low

BP.BP
dimensions.
Fors=1, Extllg’;*BP(BP*, BP,) is generated by @ypnjpe1 forn > 0,and p £ k > 1 ([14]).
For s = 2, Exté’;*BP(BP*, BP,) is generated by By, ji+1 for suitable (n, k, 7, i) ([10, 11]).
For s = 3, only partial results of Ext‘;;’;* pp(BP., BP,) are known (see, for example,
[12, 13, 17]). Nonetheless, a construction of a family of linearly independent elements

denoted as g5, 5, in Ext;’;* pp(BP., BP,) has been achieved ([10]).

Through the computations of Extg’;,* pp(BP., BP,) in low dimensions, numerous non-
trivial elements in m.(S) can be obtained. In particular, for p > 7, there are the Greek
letter family elements, denoted as ay, B;, and y, with s > 1 [10, 14, 18, 19]. These families

are represented by elements of the same name in Ext'* (BP.,BP,), Ext>’ . (BP., BP,),

BP.BP BP.BP
and E xtg’;* zp(BP., BP,), respectively.

Furthermore, using the Adams spectral sequence, Cohen [2] discovered another family
of nontrivial elements ¢, € m.(S) withn > 1. The representation of £, in Extz;;* gp(BP«, BP,)

has also been studied in [2] (also see [3]).

Nontrivial products on .(S). There exists a natural ring structure on 7..(S ) in which mul-
tiplication is defined by the composition of representing maps. In order to gain a deeper
understanding of the ring structure of 7.(S), it is necessary to determine whether the prod-
uct of certain given elements is trivial. The main purpose of this paper is to find nontrivial
products formed by the elements in {ay, S5, ¥s, 5|5 > 1}. To ensure the well-definedness of
these elements, we assume p > 7 for the remainder of the paper, unless otherwise specified.
Numerous results have been obtained in this direction. Just to mention a few:

(a) Aubry [1] shows that a182y2,8]B2y2 # 0if r < p — 1.
2
(b) Lee-Ravenel [6] shows g7 7 L2 0forp>7.
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2 DETECTING NONTRIVIAL PRODUCTS IN 7.(S) VIA H*(S(3))

(c) Lee [7] shows: (1) BB, B, BoBip-1 £ 0for p > 5,if nk<p—-1,s<p*—p-1,
and s 2 0mod p; 2) By, B 'Boyi 2 0,if r,t < p—1;3) 1By, # 0, if r < p-2,
2<t<p-1L@ BTG #0.

(d) Liu-Liu [8] shows that alﬁ%ﬁzyx #0if4 <s<p.

(e) Zhao-Wang-Zhong [22] shows that y,_1{, # 0if n # 4.

In recent years, Kato-Shimomura [5] have developed a method for detecting nontrivial
products on 7.(S) through the use of S(3), where S (3) denotes the third Morava stabilizer
algebra [15]. This new approach offers an advantage when studying products involving y;
for arbitrarily large values of s. We can briefly recall their strategy as follows.

There exists a natural map ¢ : Exty), n(BP., BP,) — Extg’é)(]Fp,Fp) =: H**(S(3)).
The cohomology H**(S (3)) is computed in [3, 17, 21]. Given a product x = x;x -+ x,, €
m.(S), welety = yi1y2 -+ yn € Extgp 5,(BP., BP,)represent x on the E>-page of the ANSS.
If ¢(y) # 0, then y # 0 € Exty, ,,(BP., BP.). For the examples of interest, y will not be
eliminated by any Adams-Novikov differential due to degree considerations. Thus, we can
conclude that x # 0 € 7.(S) in this case.

Using this strategy, Kato-Shimomura [5] demonstrate the following: (1) ayy, # 0, if
s#0,x1l mod p; 2) B1ys #0,if s £ 0,1 mod p; (3) Boys # 0, if s £ 0,1 mod p.

Similarly, Gu-Wang-Wu [3] show that {,;y; # 0if n # 1 mod 3 and s # 0, +1 mod p.

Our main results. In this paper, we employ the “Detection via H**(S (3))” method, which
was developed in [3, 5], to detect nontrivial products on 7,.(S ). However, instead of focus-
ing on specific examples, we fully utilize the potential of this method and enumerate all
detectable products. The main results of our study are as follows:

Theorem 1.1. Let p > 7 be a prime. Let n = 2 mod 3, and s # 0,+1 mod p. Then
GuPrys # 0 € m(S).

Theorem 1.2. Let p > 7 be a prime. We consider the products in 7.(S) where each factor
belongs to {ay, Bs, ¥s, s : s = 1}. Among all such products, only the following ones can be
detected as nontrivial products using the comparison with H>*S (3).

i) aip,

ii) a1f,

iii) ayyy, if s #0,+1 mod p,

v) Brys if s 0,1 mod p,

v) Bays if s # 0,1 mod p,

vi) 1By if s # 0,+1 mod p,

vii) Luys, ifn E 1 mod 3, s # 0,+1 mod p,
viii) &P, if n £ 0 mod 3,

ix) &uPrys ifn=2mod 3, s #0,+1 mod p.

The non-triviality of i) ~ viii) has been determined by earlier works in [3, 5, 7, 10].
We single out the new result ix) as Theorem 1.1. We have exhausted the potential of the
“Detection via H**(S(3))” strategy in Theorem 1.2. To detect other nontrivial products in
m.(S), different methods would need to be employed.

Organization of the paper. In Section 2, we review the basic structures of the Hopf alge-
broid (BP., BP.BP) and the third Morava stabilizer algebra S (3). In Section 3, we review
the F,-algebra structure of H**S (3). In Section 4, we recall the constructions of the a, 8, y-
family elements in the Adams-Novikov spectral sequence. Then we determine their images

under the comparison map ¢ : Ext;’;* pp(BP«, BP,) — H**(§(3)). In Section 5, we use the
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[F,-algebra structure of H**S (3) to detect nontrivial products in Ext;’;* pp(BP, BP.). Then
we prove Theorem 1.1 and Theorem 1.2.

2. HoOPF ALGEBROIDS

This section recalls the basic definitions and constructions related to Hopf algebroids.
In particular, we review the basic structures of the Hopf algebroid (BP., BP.BP) and the
third Morava stabilizer algebra S (3).

2.1. The Hopf algebroid (BP., BP.BP).

Definition 2.2. A Hopf algebroid over a commutative ring K is a pair (A,I") of commuta-
tive K-algebras with structure maps
leftunitmapn, : A - T
rightunitmapng : A - T
coproduct map A: T > T, I
counitmape: ' - A
conjugationmapc: ' - T
such that for any other commutative K-algebra B, the two sets Hom(A, B) and Hom(T, B)

are the objects and morphisms of a groupoid.

An important example of Hopf algebroids is (BP., BP,.BP). Recall that we have

2.1 BP, := n.(BP) = Z[vi,v2,--+1, BP.BP = BP,[t|,t,---]

where the inner degrees are |v,| = |t,| = 2(p" — 1). Throughout this paper, we denote
vo = p, and fy = 1. The structure maps of the Hopf algebroid (BP., BP.BP) are described
in [4, 10, 17]. In practice, the following formulas [5] are useful.

(2.2) nr(v1) = vi + pty,

(2.3) nr(v2) = va +vit! + pty  mod (p?, V),

2.4) At)=1H®1+1®1,

(2.5) A)=6®1 +ll®l'f+ 1®t2—v1b1,0.

. 1 i Pk it i pit! piokeit] .
Notations 2.3. We denote b; ; = ;[(Zk=o i ®t, W = Yot ®F ]fori > 1,

J = 0. See [20] for related discussions.

2.4. Morava stabilizer algebras. We recall the basic properties of the Morava stabilizer
algebras, which are studied in detail in [9, 15].

Let K(n). denote F,[v,, v.']. We can equip K(n). with a BP,-algebra structure via the
ring homomorphism which sends all v; with i # n to 0. Then we define X(n) := K(n). ®pp,
BP,BP ®p, K(n).. As an algebra, one has X(n) = K(n).[t1, 12, 1/(vat! =V} tlli > 0).
The coproduct structure of X(n) is inherited from that of BP.BP.

Moreover, one can prove Exty,, p,(BP., v,'BP./1,) = Ext;’(”;l)(K (n)., K(n).), where we
let I, denote the ideal (p,v{,va, -+ ,Vy—1) C BP,.

We define the Hopf algebra S(n) := X(n) ®k. Fp, where K(n). and X(n) are here
regarded as graded over Z/2(p" — 1) and F, is a K(n),-algebra via the map sending v, to 1.
We call S (n) the n-th Morava stabilizer algebra. One can show

(2.6) Extyy (K(n)., K(n).) ®ka. By = Exty) (. F,) =t H™(S (1))
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For the purpose of this paper, from now on, we will only consider the case when n = 3.
We have the following results.

Proposition 2.5 ([16]). As an algebra, S(3) = F,[t(,1,, ...]/(tf3 — t;) and the inner degrees
are |ty| = 2(p* — 1) mod 2(p* — 1). The coproduct structure of S (3) is that inherited from
k k ~

BP,BP. In particular, A(t;) = Y_tr ® 17, for s < 3, and A(ty) = Yi_otx ®17 , — b3

for s > 3.

Notations 2.6. We let b; ; denote the mod p reduction of b; ; in Notations 2.3.

2.7. Cobar complexes. Cobar complexes are helpful in computing certain Ext groups,

such as Exty, pn(BP., BP.), Exty), n(BP., v,'BP./1,), and Ext;’:n)(Fp, F,). We now re-

call the relevant definitions and constructions.

Definition 2.8. Let (A,I') be a Hopf algebroid. A right I'-comodule M is a right A-module

M together with a right A-linear map ¥ : M — M®,I” which is counitary and coassociative.

Left I'-comodules are defined similarly.

Definition 2.9. Let (A,T') be a Hopf algebroid. Let M be a right [-comodule. The cobar

complex Q" (M) is a cochain complex with Q7" (M) = M ®, 1_"®S, where T is the augmen-

tation ideal of & : I' — A. The differentials d : Q" (M) — Q;H’*(M) are given by
Adme®x19x Q- Qx)=—Um -m1)®xX1 QX Q- ® X;

N
- Z(_l)/lf»jim®)€1 ® - ®xi_ ® (Z x,'»,j,_ ®x§fji)®xi+1 ® - ® X
i=1 Ji

where we denote
2.7) Z X, X = Ax) - 1®x—x®1
Ji
(2.8) ijo =i+l + -+ ]+ Ix -
Proposition 2.10 ([17] Section A1.2). The cohomology of Q" (M) is Ext;"(A, M). More-

over, if M is also a commutative associative A-algebra such that the structure map \ is an
algebra map, then Ext:"(A, M) has a naturally induced product structure.

3. THE coHOMOLOGY OF S (3)

The cohomology H**S (3) := Ext;‘("S)(Fp, F,) of the Hopf algebra S (3) has been exten-
sively studied. For p > 5, Ravenel [16] computed the F,-module structure of H**S (3).
The F,-algebra structure of H**S(3) was subsequently computed by Yamaguchi in [21],
although there is a typo [3, Remark A.1]. Gu-Wang-Wu [3] recomputed the F,-algebra
structure of H**S (3) for p > 7 using a carefully constructed May spectral sequence.

In this section, we recall the IF,-algebra structure of H**S (3) determined in [3], we also
take this opportunity to correct some typos in [3].

Theorem 3.1 ([3] Theorem 2.2). Let p > 7 be a prime number. The Hopf algebra
S(3) can be given an increasing filtration by setting the May degrees as follows: (i)

for s = 1,2,3, let M(tff/) = 2s — 1, and (ii) for s > 3, j € Z/3, inductively define
M) = max (ML) + MU, - M@'3) 10 <k < s|+ 1. The fltraion of $ 3) nau-

rally induces a filtration of Qz’é)(]F,,). The associated May spectral sequence (MSS) con-
verges to H**S (3). The MSS has E-page

3.1 EM = Elhjli>1,j€Z/31® Plbyjli = 1, j € Z/3]
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1, M s+ 1,6,M—
and d, : E}"" — E} ", where
J 1,2(p'=1)p/,
hi,j z[tll’ ] c E'1 (P ! x

(3.2) p-l P pf k pj —k 22(pi—l)pj*l "
bi; =[Z(k)/p @) e ) 1ekEy :
k=1

Proposition 3.2 ([3] Proposition 3.1). Let p > 7 be a prime number. As a F,-module,
H**S(3) is isomorphic to E[p] ® M, where p € H**S(3), M is a F,-module with the
following generators (i € Z/3):

dim0: 1;

diml: hl,,','

dim2: €4, 8i k,','

dim3: eyihy;,  eqihii,  gihviv, M Vi &

dim4: ei[, ejiesirl, €4,8i+1, €4,8i+2  eaiki, O

dim5: eyjeqivihiiva, (esiesivihiva = eqirieqi2h;)

e i, e, eaiptiva, eaivi, i

dimé6: eﬁ,i€4,i+1, €Z,i€4,i+2, e4i€4,118i+2;

dim7: e4ieqivi1fiva;

dim$: eiie4,i+28i+l) (6421’1-94,i+28i+1 = eii_,_194,igi+2)-

Here, the generators can be described via their MSS representatives as follows:

hy; = ,lﬂ' pi=h3o+h3;+h3)
eq; = hyihs i + hoiho o + haihy; &= hyhy;
ki := hoihy i Hi = h3iha iy
Vi = hs gy E=Y2 h3iesinn + hoohaihas
6; = h3‘ih2,,’+2h2’ih1,i ni= h3,ih3,i+1h2,i+2h2,ihl,i

Here we denote h; j := tf’j for j€Z/3, and e3; := hy jhyiv1 + hoihy o for i € Z/3.

Remark 3.3. Recall that we have S (3) = F,[11, 15, ...]/(tf3 —1;), as stated in Proposition 2.5.

This implies that tf’ = tf & € §(3). Consequently, we have hy; = hy 3, e4; = €443, and
so on. Therefore, we choose our index to be i € Z/3 to indicate the equivalences. While
it is possible to choose the index as i = 0, 1, 2, the current notation system is more natural
and concise in expressing the generators and their product relations. Similarly, in Theorem
3.1, we let j € Z/3 for the same reasons.

Remark 3.4. We have taken the opportunity to correct a typo in [3], where it was incorrectly
claimed that ¢ =  h3 13, + 3, ho i iv1h2,i42. The formula has now been corrected and
updated in Proposition 3.2.

The FF,-algebra structure of H**S (3) is complicated. However, as we will see in Propo-
sition 4.17, in this paper we only need to care about the product structure of the sub-algebra
generated by the elements {hy;, e4;, k;, vili € Z/3}. Note for x € H**S(3), y € H*S(3),
one can show x - y = (=1)¥y - x. We record all nontrivial products of these generators as
follows.

Proposition 3.5 ([3] Appendix A). Let p > 7 be a prime number. All nontrivial products
amongst generators of H*S (3) in the set {hy ;, ea;, ki, vili € Z/3} can be expressed in terms
of the generators in Proposition 3.2 as follows.
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dim3:  e4;- hijo = eqinnhy; ki-hi; = —gih i

dim4:  e4;-kiv1 = e4i118is2 Vi hii = Jesi18iv
Vi hiiol = Fesia8iv1 — sesivikivt — 3pgi1 v

dim5:  esjeqiy1 - hi; = ei,-hl,iﬂ eqieqist - hyjsr = eithl,i
vi-ki = %eimhl,wz vikiya = —%EiiJrzhl,i
Vice4irl = —€4iofivl + 1P€4128ix1 + P4 ix1Kir1

dim6:  e4ihy ;- vi = —%esiesir18ir2 esihiint Vi = —teqiesigin
Vit Vigl = %Peii_,,zhl,i - éei,-ﬂezx,i eqiki - esiyn = eq 164428

2 —
€ kiv1 = es 411802
dim7: €2 .-V = 20e4 :€4is10isn — €4 €4 sl
m/: €y Vi = 30€4,i€4,i+18i+2 ~ €4,i€4i+1Mi+2
— 2
€4i€4iv1 " Vi = —€4i10€4 iliy1 T 5P€4,i10€48ix1
P _ 2 2 _ 12
dim8: e, - esjrikiv1 = € ;€41408in1 ey i Vi = —3€; €4i:08i41
2 Q- _ 1 2
dim9:  e4;v;- e4ieqip) = 30€4,i+2€4 ;8i+1

Remark 3.6. We take this opportunity to correct a typo in [3]. The formula for ey e4 ;41 - v;
in dimension 7 is now corrected here.

4. REPRESENTATIONS OF @, 3, Y-FAMILY ELEMENTS

In this section, we recall the constructions of the a, 8, y-family elements in the E,-page
Ext*B’;* gp(BP., BP,) of the Adams-Novikov spectral sequence. Then we determine their
images under the comparison map ¢ : Ext}’;* gp(BP.,BP,) — H"*(S(3)).

Note we can write ¢ as the composition of several maps. We have

@4.1) ¢ =Extyy ,o(BP., BP,) > Exty, . (BP.,v;'BP./I) 5 H™(S(3))

with I3 = (p,vi,v2) C BP, and ¥ = Y311, where

4.2) Y1 Extyp, (BP., v BP./Iy) = Extyy (K(3)..K(3).),
(4.3) Yo Extyly (K(3)..K(3).) > Extyy (K(3).. K(3).) @k, Fp,

@4y gy Exty (K(3).. K(3).) @k, Fp = Extyly (Fp Fy) = H(S(3).

We will first determine all nontrivial images of the a, 3, y-family elements under the
map 7. Then, we will determine all nontrivial images of the «, 8, y-family elements under
the composition ¢.

4.1. a-family elements. Letn > 0, p{ s > 1. Then vi”" € Extly, ,,(BP., BP./p™'). We
define gy /ns1 = So(v)" "y e Extllg’;* sp(BP+, BP.), where & is the boundary-homomorphism
associated to the short exact sequence

n+1

4.5) 0 — Qgp.sp(BP.) 2= Qpp p(BP.) = Qpp gp(BP./p"") - 0

of cobar complexes (Definition 2.9). We often abbreviate @y to a;.

Theorem 4.2 ([14]). Let p be an odd prime. Then Extk?

5p.gp(BP«, BP.) is generated by
asp“/nJrlfOVI’l >0, p )f s> 1.

In order to determine the image of 1, we introduce the following notion.
Definition 4.3. Let n > 1. We define /[n] as the ideal of BP, generated by monomials

piv{vg such that i + j + k = n. In particular, I[1] = (p,vi,v2) = I3 C BP..
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Lemma 4.4. Let d denote the differential of the cobar complex Qg .(BP.). Let x €
In] € BP, = Q;, ,.(BP,) for some n > 1. Then d(x) € I[n] - Qp, ,.(BP.).

Proof. BP, can be regarded as a right BP,BP-comodule with ng : BP. — BP.BP as the
structure map. According to Definition 2.9, for x € BP,, we have
(4.6) dx)=-y(x)+x®1 =-nr(x) +x1 1.

Note that if x € I[n],then x® 1 € I[n] - Q}g';*BP(BP*). Therefore, it is sufficient to show
that ng(x) € I[n] - Qg’;* pp(BP.). Furthermore, by considering each summand separately,
we can assume that x is a monomial in BP, = Z,[vi, vz, ]. Write x = piv{ viy, where
i+ j+k>n. Using (2.2) and (2.3), we have

nR(PVIVEY) = nr(P RO DR A )R()

4.7 i j P k
= p'(vi + pt1)! (v2 + vit] + pta + L)*nr(Y)

where L € (pz,v’f ) - Qg’;* pp(BP.). By counting the exponents, we can see that ng(x) €
I[n] - Qg 4p(BP.).
O

Proposition 4.5. For the image of the a-family elements, we have

(1) nay) = -1

(2) n(aspne1) = 0, for any other agpjpi1-
Notations 4.6. In this paper, we often abuse the notation and refer to the elements in
Exti*(A, M) by their representatives in the associated cobar complex Q2" (M) when no con-
fusion arises. For example, here we let —f; denote the element in E xt;’;* pp(BPs, v;l BP./I5)
represented by —#; € 9119’;*3}7("513})*/]3)'

Proof of Proposition 4.5. We will work on the cobar complex level to find explicit expres-
sions for the a-family elements.
Note that a; = dp(v1). By definition of the connecting homomorphism &y, we have

dov) _ (rv)—vi®1)
4

where we let v; also denote the preimage of v; with respect to the map Qgp, gp(BP.) —

Qpp.gp(BP./p™") and let d denote the differential map of the cobar complex Qpp_gp(BP,).

Therefore, upon reduction modulo I3, we find that (e;) = —f,. This proves statement (1).
For general a-family elements, we have

(4.8) do(v1) =

=1y,

do”y

pn+1 !

(4.9) Agprni1 = 6oV =

Note that v}”" € I[sp"]. By Lemma 4.4, d(\"") € I[sp"] - Qgp, pp(BP.). Then
o’
(4.10) T € I[sp" —n— 11 Qgp.pp(BP,).
When apijns1 # @y, wehaven > 0or s > 1. Then sp”" —n—-12>1. So
(4.11) agpne1 € I[sp" —n—1]-Qpp pp(BP.) C I[1] - Qpp_pp(BP.) = I3 - Qpp pp(BP.).

Therefore, upon reduction modulo I3, we find that n(a@,,+1) = 0. This proves statement
2). O
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4. p-family elements. Let ag = 1, a, = p" + p"' — 1 for n > 1. Define x, € v;'BP, as
(412) Xo = Vo,

(4.13) x1 = xb =Py,
2—1_p*—p+1 24p—1_p>-2
(4.14) Xy = x) =V TV TP TPy,
by p—p el
(4.15) Xp =X =2 0 >3

with b, = (p + D(p" ! = 1) forn > 1. Now, if s > 1 and p|j < a,_; with j < p"if s = 1,

then x; € ExtOBf,*BP(BP*, BP./(p™!, v{)). Define

(4.16) Baprsjint = 8’8" (x3) € Extyp, p(BP., BP.)
where ¢’ (resp. 6”’) is the boundary-homomorphism associated to E” (resp. E”)

i+1

)4

4.17) E’: 0 — Q(BP,) — Q(BP,) — Q(BP./p"™") — 0,
(4.18) E”:0 - Q(BP,/p'™") =5 Q(BP./p'*") — Q(BP./(p™,v)) — 0.

where we let Q(-) denote Qpp, gp(—). We often abbreviate S, ;1 t0 Bypryj and Bypnyy to
Bspr. When we work with g-family elements in practice, we require the indexes (s, n, j, i)
to satisfy certain relations as specified in the following theorem.

Theorem 4.8 ([10, 11]). Let p be an odd prime. Exti’;* pp(BP., BP,) is the direct sum of
cyclic subgroups generated by Bypyjivi forn 20, p 4 s> 1, j > 1,1 > 0, subject to: (1)
JEphifs=1,(2) p'lj < anip and (3) aniy < j, if pJ.
Proposition 4.9. Let p > 7 be a prime. For the image of the B-family elements, we have

(1) n(Br) = —b1p.

(2) 1B =2 @1 +1, @17

(3) n(ﬁpn/p") = _bl,mforn > 1

(4) n(ﬁp”/p”—l) =1 ®l‘{9 ,forn>1.

(5) r](ﬁsp”/j,iﬂ) = Or for any Otherﬁsp”/j,iH-
Proof. Analogous to the proof of Proposition 4.5, we will work at the cobar complex level
to find explicit expressions for the S-family elements.

Note that B,/ ji+1 = 6’6" (x;,), we denote

d'(x3)

J
Vi

@.19) Ysprpjist = 6" (x) = € Q(BP./p™"),

where we let x also denote the preimage of x! with respect to the map Q(BP./p™*!) —

Q(BP./(p"!,v])) and let &’ denote the differential map of the cobar complex Q(BP./p™').
Similarly, using the definition of the connecting homomorphism ¢’, we have

d(yspr/ji+1)

(4.20) ﬁs‘p”/j,i+1 = 6’(y.vp”/j,i+1) = pi+1 € Q(BP,),

where we let ;41 also denote the preimage of y;,»/;+1 with respect to the map Q(BP,) —
Q(BP./p™*") and let d denote the differential map of the cobar complex Q(BP.).

In the following, we will study the behavior of the S-family elements through different
cases.

Case 1. When n = 0, according to Theorem 4.8, we have i = 0 and j = 1. In this case,
X, = V3.
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Case 1.1 If s = 1, we have

d’ (v2) __mrm)-m®l
Vi Vi ‘

4.21) yi=6"(v2) =

Using (2.3), we can write ng(v2) = v2 + vi1} + pty + L, where L € (p*,V}) - BP.BP. Since
p = 0in Q(BP./p), we can write:

Vllf +ptr+ L

(422) y1 = = —lf + L,

V1
where L, € (v’l’ 71) -Q(BP./p) c I[p — 1] - Q(BP./p). Therefore, we can write:
oy __d@)  d(Ly)

(4.23) Br=80n =
p p
Using Definition 2.9, we have
(4.24) di)y=A) -1 —-fel=>010n+n 1) -1 - ®l

This implies that —d(t’l7 )/p = —b1p, as mentioned in Notations 2.3. Let L; also denote the
preimage of L; with respect to the map Q(BP.) — Q(BP./p™*"). Lemma 4.4 implies that
d(Ly) € I[p — 1] - Q(BP..). Therefore, we can conclude that:

(4.25) dL)

eI[p-2]-Q(BP,) c I[1]- Q(BP,) = I; - Q(BP.).

Therefore, upon reduction modulo /3, we find that n(8;) = —b; . Thus, this proves state-
ment (1).

Case 1.2 If s = 2, analogous to Case 1.1, we have:
d’(v%) B r]R(vg) - V% ®1

Vi Vi

(4.26) y2=68"(v3) =

In Q(BP./p), we can write:
o+t + pra+ L2 -2 1
(4.27) =2 TP 2 = n -+ Ly,
Vi

where L, € (vl_') -Q(BP./p) c I[p —1]-Q(BP./p). Then, we have:

diy) _ 2401 d0nit?) d(Ly)
p p p

(4.28) Br=06"(n)=

Using Definition 2.9, we find the following:

)
el Ea —;[(_UR(VZ) +1e DL +nAdE) -1 - ®1)]

p
. 2 2
(4.29) ==t +pn)®L - E(A(tf) —1ef-fel)
P p
=26 Q® l‘f mod I3
dnn’) 1

1 2p 2 2 2

4.30) — p = —1—)[(—7713(\/1) +vehen’ +viAr) - 1o’ -7 @ 1)]

=1 ® tfp mod I3

Therefore, n(B) =26, ® 1 + 1, ® tf” . This proves statement (2).
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Case 1.3 If s > 3, then we have:

431 ys = 6" (V) = i 2 I[s - 11- Q(BP./p).

1
d@ys)
4

Therefore, upon reduction modulo I3, we find that 1(8) = 0.
Case 2. Letn > 1,i =0,and s = 1. _According to Theorem 4.8, we have j < p".

Furthermore, we claim that in Q(BP./(p, v{)), we can express X, as vgn + L,, where L, €
-1 i+1
129" = "1+ Q(BP. /(p"! V). | |
If n = 1, we have x; = v —v{v;lvs =) € Q(BP,/(p,v))) since j < p and v] =
0 € Q(BP./(p, v-{)). If n = 2, we have x, = x7 — v’l’z_]vgz_p+l - v’1’2+p_lv§2_2p\/3 = vgz -
v‘luz_lv’z’z_p+1 € Q(BP./(p, v{)) since j < p? and p, v{ =0 € QBP./(p, v{)). The case for
general n > 3 can be proved analogously.
Consequently, we have

(4.32) Bs=0"(v5) =

€ I[s—2]-Q(BP,) C I - Q(BP..).
1

Vs

’ d’ p" ’
(4'33) yp”/j — 5”()(") — d (-xn) — (V2 ) + d (Ln)'

V| v/ V|
dyp;) 1 (A0 1 (d(L,
(4.34) ﬁpn/jz(s'(ypn,j)zwz_d( (2))+_d(¥ .
p P\ v P\ v
Note that L, € I[2p" — p"~'1- Q(BP./(p™!, v{ )). Analogous to Lemma 4.4, we have
d'(L,) S
(435) LE) ¢ 1ap = ' = 1 BP. I,
%
1
1 (d'(L, IR
(4.36) —d(%) eI2p" - p"' —j—11-Q(BP.) C Is - Q(BP.).
Vi
Case 2.1. If j = p", analogous to Case 1.1, we can write:
ol
(4.37) fo =—1] +Lpy,

1
where L, € I[p™! — p"] - Q(BP./p), and that

1 (a0
(4.38) —d ﬁ
p v
Therefore, we find that 7(8,,7) = —b1,. This proves statement (3).
Case 2.2. If j = p" — 1, analogous to Case 1.2, we have:
ACS)
(4.39) 2 =it + Ly,

p)171
Vi

where Lyi_j € I[p™' — p" + 1] - Q(BP./p), and that
1 [d'<v§")

] =-b;, mod ;.

(4.40) —d|—5

n+1
=n®f  mod .
p Vi

Therefore, we find that (8, ,-1) = t; ® tf "' This proves statement (4).
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Case2.3. If j < p"-2, theny,»/; € I[2]-Q(BP./p), and B,/; € I[1]-Q(BP,). Therefore,
upon reduction modulo /3, we find that n(8,,;) = 0.

Case 3. Let n > 1. Moreover, we require thati > 1 or s > 2. ‘

Through direct observation, we can see that x, € I[p" — p"~']- Q(BP./(p™',v])). From
this, we can conclude that x§ € I[sp"—sp"~'1-Q(BP./(p"*',v])), yspr/jic1 € Ilsp"—sp™' =
J1-QBP./p™), and By jin € Isp" = sp™" = j—i— 11 Q(BP.).

Based on Theorem 4.8, we can deduce that p' | j < p"~ + p"~~! — 1. We have:
(4.41) sp"—sp"l—j—i-12(p-Dp =2j>(p-Dp" T —4pTl =2 ifi>1,
(4.42) sp"—sp"l—j—i—12s(p-Dp" =(p+Dp" 2 p-3>4,ifi=0,5>2.

In any case, we always have sp"—sp"' - j—i—1 > 1. Therefore, we find that n(Bsp»/ji+1) =
0. Thus, by combining this case with Case 1.3 and 2.3, we have proven statement (5).
[m]

4.10. y-family elements. Let s; = r|p®', 55 = ryp®, s3 = r3p® with p“ being the largest
power of p dividing s;. For 1 < 51 < p®, 1 < s, < p®, 1 < 53, one can show v§3 is acycle
in QBP*BP(BP*/(P, Vi.l , V;z)). Define Vs3/s2,81 = (506162(V§3) (S Ext;;*BP(BP*, BP*), where
oo (resp. 81, 8,) is the boundary-homomorphism associated to Ey (resp. Ej, E»)

(4.43) Eo:0— Q(BP,) 5 Q(BP.) — Q(BP./p) = 0,
(4.44) E;:0 — Q(BP./p) N Q(BP./p) = QBP./(p,v}")) = 0,

V2
(4.45)  E»:0— Q(BP./(p.v}") — Q(BP./(p, vi")) = QBP./(p,v}',v5)) — 0.
where we let Q(—) denote Qpp,gp(—). We often abbreviate yy, /s5,.1 10 Vg5, and v, 1 to ys,.

Theorem 4.11 ([10] Corollary 7.8). We have 0 # vy, /5,5 € Ext?gf,*BP(BP*,BP*) unless

s1 < $p = p® = s3. In fact, these elements are linearly independent.

For the purpose of this paper, we only need to consider y, for s > 1. Recall the following
result concerning 7(ys).

Proposition 4.12 ([3] Lemma 4.1). Let s > 1, we have
s(s—=1)

o )2 o 2 2 2
n(ys) =s(s = D5 2(boot! — b)) + Vi@ 20 @bl +17 ®1))

—s(s=D(s-2v el et

Remark 4.13. Here, the result for n(y) differs from the formula in [3] by a negative sign, as
our definitions of the differential in the cobar complex (Definition 2.9) differ by a negative
sign.

4.14. Nontrivial images of ¢.

Notations 4.15. Let G = {@spjns1, Bspr/jivts Vs) C Ext;’;*BP(BP*, BP.) denote the set of all
a, B3, y-family elements of the indicated forms.

In Propositions 4.5, 4.9, 4.12, we have determined the images of the elements in G
under the map 7. Recall from (4.1) that ¢ = ¢ o 5. By direct computation and comparison
with H*S (3) (see Proposition 3.2), we can determine the images of these elements under
the map ¢.

Lemma 4.16. Letn > 0, then y(b1,) = es 1 € H*S(3).
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Proof. On the level of cobar complexes, the effect of y is reduction mod p, sending all v;
with i # 3 to 0, and sending vz to 1. Hence we have y/(b, ,,) = Bl,n following Notations 2.6.

2
(Fp), we have d(l‘4) = t1®t§+t2®t§ +5®

s, 3%

S(3)
3 ~ ~ 2 3
" —by 5. Hence we have equivalent cohomology classes [b; 5] = [1®7 +6,®1) +51] | =
es3. This implies Y(b12) = e 3.
Note that if a is not a multiple of p, then a” = a modulo p. Hence, working over F,,, we

By Proposition 2.5, in the cobar complex (2

~ ~ 3
have by 41 = bf’n. Moreover, note that tf =t in §(3), so we have by 43 = by ,. Similarly,
one can show that e4 11 = ein and ey 43 = e4,,. Hence, we conclude that /(b)) = €441
for each n > 0.
|

Proposition 4.17. Under the comparison map ¢ : Ext;’;* gp(BP..BP.) — H**(S(3)), the
nonzero images of elements in G are listed as follows:

(1) ¢(ay) = —hyp,

(2) ¢(B1) = —ea,

(3) ¢(B2) = 2k,

4) OBpr/p) = —€4p41, fornz1,

(5) d(ys) = —=s(s> = Dvg + s(s = Dpky, for s £ 0, 1 mod p.

Proof. We only need to consider the elements in G which have nontrivial images under 1.
On the level of cobar complexes, the effect of ¢ is reduction mod p, sending all v; with
i # 3 to 0, and sending v3 to 1.

According to Proposition 4.5, we have n(a;) = —t;. By Proposition 3.2, —¢; represents
—hy o in H**(S (3)). Therefore, ¢(a) = —h; o, which proves statement (1).

Based on Proposition 4.9, we find that n(8,) = —b1 o and 9(8,:/,») = —=by, forn > 1.
Then, Lemma 4.16 implies ¢(81) = —e41 and ¢(Bpnn) = —e4 41 for n > 1. Consequently,
statement (2) and (4) are proven.

By Proposition 4.9, we have n(8;) = 26, ® ] +1; ® t?”, and n(Byyp-1) = 1 ® tfm , for
n > 1. By computing May degrees (Theorem 3.1), we observe that 21, ® 1] + 1] ® tfp has
a May filtration leading term of 21, ® tf . According to Proposition 3.2, 2¢, ® tf represents
2hyohia = 2ko in H**(S (3)). Thus, ¢(B,) = 2ko, confirming statement (3). On the other
hand, #, ®tfn+] represents A ohy 41 in H*(S'(3)). By Proposition 3.5, there are no nontrivial
products of this form in H**(S(3)). In other words, h oh; ,+1 = 0 in H**(S(3)). Hence,
¢(:8p"/p"—l) =0.

The computation of statement (5) is done in Lemma 4.1 of [3]. It’s important to note that
our result listed here differs from the formula in [3] due to the negative sign discrepancy in
the definitions of the cobar complex differential (Definition 2.9).

O

5. DETECTION OF NONTRIVIAL PRODUCTS VIA THE COHOMOLOGY OF S (3)

In this section, we will utilize the F,-algebra structure of H**S (3) to identify nontrivial
products in Ext*B’;* pp(BP., BP,). We will then proceed to prove Theorems 1.1 and 1.2.

Proposition 5.1. Let p > 7 be a prime. We consider the products of elements in G. Among
all such products, only the following ones have a nontrivial image under the comparison
map ¢ : Extgy pn(BP., BP.) — H"*(S(3)).

dim3: alﬂl
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1Bz
1By pr
dim4:  ayys, s#0,+1 modp
Blﬁp”/p”
BB n % 0 mod 3
B 1By pm
dim5: By, s#0,1 modp
Bys s#0,+1 modp
BorpnYs: s#0,+1 modp andn % 1 mod 3
@1818pn s n % 0 mod 3
@181 Bpm o, m=n#%2orm%nmod3
dim6:  a181s, s#0,x1 mod p
1By 1Y s s#0,x1 modpandn # 1 mod 3
BBy n#0mod 3
BiBp 1By pm n=m#0orn=0%mmod3
B Bom o p n=m#kmod3
BB Bpmpm, n=1,m#0mod3
dim7: BBy Y s#0,+x1 modp andn =2 mod 3
B prBpm Vs s#0,x1 modpandn =2,m# 1 mod 3
dim8:  a1B1\Bpjp Vs s #0,x1 mod p andn = 2 mod 3
@181 pBpn Y s s#0,+1 modpandn =0,m =2 mod 3

BBy B tpmBrrypes, n=2,m=k=1mod3

Proof. This follows from a straightforward computation using Propositions 3.2, 3.5 and
4.17. We provide a detailed treatment of the dimension 3 case to illustrate the idea.

Let x = x;x; - -- x;;, be a product of elements in G such that ¢(x) # 0. Then we have
¢(x;) # 0 for 1 < i < m. By Proposition 4.17, this implies x; € {a1,81,82,Bp/pr, Vsln >
1,s £ 0,1 mod p}.

If x has dimension 3, there are several possibilities: x = a8, X = @182, X = @18p/pr,
orx= af?. By Propositions 3.2, 3.5, and 4.17, we have:

(1) ¢(@1p1) = hipeas = hijesp # 0.

(2) ¢p(a1p2) = —2h1oko = 2h1180 # 0.

(3) ¢(@1Bpr/p) = h1peans1 # 0.

(4) ¢(a}) = —hj, = 0.
Therefore, only the first three cases can be detected as nontrivial products. This proves the
statement in dimension 3.

As a further example to illustrate the computations, we show that for s # 0, +1 mod p
and n = 2 mod 3, 1818,/,Ys 1s a nontrivial product in Ext%;*BP(BP*, BP.). This result
will be used in the proof of Theorem 1.1.

By Propositions 3.2, 3.5, and 4.17, we have:

G118y Ys) = (=1 9)(—ea 1) (—ea i1 )(=(s* = Dvo + s(s — Dpky)
= 5(s* = Dhyges1eans1vo — s(s — Dhypeq €4 010k

= s(s* = D(h1gvo)ea €40

s(s2 = 1)
= T €4,182€4,1€40

3
£0
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Therefore, a1818,,,»Y; is a nontrivial product detected by the map ¢.
O

Now we proceed to study nontrivial products in the stable homotopy ring of the sphere
m.(S). Letp > 7,5 > 1. Itis proved in [ 10, 14, 18, 19] that ay, By, ¥ all represent nontrivial
elements in 7.(S). Using the Adams spectral sequence, Cohen [2] also found another
family of nontrivial elements ¢, € 7.(S), for n > 1. Cohen [2] shows that, in the Adams-
Novikov spectral sequence, ¢, is represented by @By + @(x € Ext;’;* pp(BP., BP,),

where x = ) asp jBspsj» 0 < agrj < p—1, and ay , p» = 0. Moreover, [3] shows s > 2 by
sk, j

comparing inner degrees.

Proof of Theorem 1.1. The representation of £,,8,, on the E>-page of the ANSS is (a1 +

a1 x)Brys € Extg’;* gp(BP, BP,). According to Proposition 4.17, we have ¢(x) = 0. Fur-

thermore, based on Proposition 5.1, we have ¢((a 18,/ + @10)B1Ys) = p@1Bp/pB1Vs) #

0. Hence, (18 + a1X)B1ys # 0 € Extz’;*BP(BP*,BP*). It is worth noting that
1Bpypr + 11X, By, and y, are all permanent cycles in the ANSS. Consequently, their prod-
uct is also a permanent cycle.

We observe that the differentials of the ANSS have the form d, : ES — ESt+1
where r > 2. Additionally, the inner degrees of the elements in the ANSS are all multiples
of ¢ = 2p — 2. Thus, the first potentially nontrivial differentials in the ANSS occur at

d>p-1. Considering the degrees, (18pp + @1 X)B1Ys € Ext%;* pp(BP., BP,) cannot be the

image of any differential. Consequently, (@183, ,» +a1X)B17, represents nontrivial products
uPrys € mu(S).
O

Proof of Theorem 1.2. Let x be a product in m.(S) where each factor belongs to the set

{as,Bs, v &ls = 1). Lety € Extyy, ».(BP., BP.) represent x on the Adams-Novikov

E>-page. If x can be detected as nontrivial by comparing with H*S(3), then we have
¢(y) # 0 € H**(S(3)). Since all possible forms of y are listed in Proposition 5.1, we
conclude that x must have one of the nine forms listed in the theorem.
On the other hand, assuming x has one of the given forms listed in the theorem, we can
show that x is nontrivial using a similar proof to the one in Theorem 1.1.
O
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