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Introduction

The purpose of this talk is to introduce the basic setting and con-
structions for stable motivic homotopy theory. We will also talk
about some basic computational phenomina regarding motivic Steen-
rod algebra and motivic Adams spectral sequence.
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Examples of schemes

We first recall the definition of schemes and look at several examples.
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Examples of schemes

We first recall the definition of schemes and look at several examples.
Let R be a commutative ring, the spectrum Spec(R) of R is defined
as follows:
@ Underlying set: the set of prime ideals of R
@ Topology: {D(f)}rer forms a basis of open sets for the Zariski
topology on Spec(A). Here D(f) C Spec(R) is the set of primes
not containing f.
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Let R be a commutative ring, the spectrum Spec(R) of R is defined
as follows:
@ Underlying set: the set of prime ideals of R
@ Topology: {D(f)}rer forms a basis of open sets for the Zariski
topology on Spec(A). Here D(f) C Spec(R) is the set of primes
not containing f.
@ Sheaf: Ogpec(ry is a sheaf of rings with Ospec(r)(D(f)) = Ry.
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Examples of schemes

We first recall the definition of schemes and look at several examples.
Let R be a commutative ring, the spectrum Spec(R) of R is defined
as follows:

@ Underlying set: the set of prime ideals of R

@ Topology: {D(f)}rer forms a basis of open sets for the Zariski

topology on Spec(A). Here D(f) C Spec(R) is the set of primes
not containing f.

@ Sheaf: Ogpec(ry is a sheaf of rings with Ospec(r)(D(f)) = Ry.
In particular, Ospec(r)(Spec(R)) = Ospec(r)(D(1)) = R = R,
where 1 is the unit in R. Besides, by definition of sheaves, the
value of a sheaf on empty set is always the terminal object. In our
situation, we get Ospec(r)(D) = 0, the zero ring.
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Examples of schemes

An affine scheme is a locally ringed space isomorphic to Spec(R) for
some ring R. A scheme is a locally ringed space with the property that
every point has an open neighbourhood which is an affine scheme.
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Examples of schemes

An affine scheme is a locally ringed space isomorphic to Spec(R) for
some ring R. A scheme is a locally ringed space with the property that
every point has an open neighbourhood which is an affine scheme.
For simplicity, in this talk we will always work with field coefficient
k = C, though similar strategy also works for other fields. We usually
let A? denote the spectrum of the polynomial ring C[xq, ..., X,].
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Examples of schemes

An affine scheme is a locally ringed space isomorphic to Spec(R) for
some ring R. A scheme is a locally ringed space with the property that
every point has an open neighbourhood which is an affine scheme.
For simplicity, in this talk we will always work with field coefficient
k = C, though similar strategy also works for other fields. We usually
let A? denote the spectrum of the polynomial ring C[xq, ..., X,].
Example 1: Note any field has only one prime ideal (0). Spec C is
a one point space with Ogpec c(Spec C) = C.
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Examples of schemes

An affine scheme is a locally ringed space isomorphic to Spec(R) for
some ring R. A scheme is a locally ringed space with the property that
every point has an open neighbourhood which is an affine scheme.
For simplicity, in this talk we will always work with field coefficient
k = C, though similar strategy also works for other fields. We usually
let A? denote the spectrum of the polynomial ring C[xq, ..., X,].
Example 1: Note any field has only one prime ideal (0). Spec C is
a one point space with Ogpec c(Spec C) = C.

Example 2: Al := Spec C[x]. The prime ideals of C[x] are (0)
and (x — a), where a € C. We can mostly picture Al as C: the
point (x — a) we will correspond to a € C. We picture the point (0)
somewhere on the complex line, but nowhere in particular.
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Examples of schemes

Example 3: The scheme A{ — 0 is A{ restricted to the open sub-
space Spec C[x] —(x —0) = D(x). We have Oy1(D(x)) = C[x]x =
C[x,1/x]. Indeed, one can show AL — 0 = Spec(C][x,1/x]).
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Examples of schemes

Example 3: The scheme A{ — 0 is A{ restricted to the open sub-
space Spec C[x] —(x —0) = D(x). We have Oy1(D(x)) = C[x]x =
C[x,1/x]. Indeed, one can show AL — 0 = Spec(C][x,1/x]).
Example 4: Now we glue together two copies of the affine line
AL. Let X = Spec C[t], and Y = Spec C[u]. Let U = D(t) =
Spec C[t,1/t] € X and V = D(u) = Spec Clu,1/u] C Y. We
will glue X and Y together along the subspaces U and V. Consider
the isomorphism U = V via the isomorphism C[t,1/t] = C[u,1/u]
given by t <> 1/u. The resulting scheme is called the projective line
over the field C, and is denoted IP’}C. The scheme ]P’(lC is not affine.
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Smash product of pointed C-spaces

Note Id : Spec(C) — Spec(C) is a terminal object in the category
of C-schemes (schemes over Spec(C)). We regard Id : Spec(C) —
Spec(C) as a C-space, still call it Spec(C), via Yoneda embedding.
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Note Id : Spec(C) — Spec(C) is a terminal object in the category
of C-schemes (schemes over Spec(C)). We regard Id : Spec(C) —
Spec(C) as a C-space, still call it Spec(C), via Yoneda embedding.
If we write out the details, Spec(C) is a functor (Sm/C)°% — sSet
sending M — Homs, c(M, Spec(C)) = *
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Smash product of pointed C-spaces

Note Id : Spec(C) — Spec(C) is a terminal object in the category
of C-schemes (schemes over Spec(C)). We regard Id : Spec(C) —
Spec(C) as a C-space, still call it Spec(C), via Yoneda embedding.
If we write out the details, Spec(C) is a functor (Sm/C)°% — sSet
sending M — Homs, c(M, Spec(C)) = *

A pointed C-space consists of a C-space X together with a map
Spec(k) — X. Let Spc.(C) denote the category of pointed C-
spaces. If X is a C-space, let X, denote the canonically pointed
space X [ Spec(k).
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Smash product of pointed C-spaces

Note Id : Spec(C) — Spec(C) is a terminal object in the category
of C-schemes (schemes over Spec(C)). We regard Id : Spec(C) —
Spec(C) as a C-space, still call it Spec(C), via Yoneda embedding.
If we write out the details, Spec(C) is a functor (Sm/C)°% — sSet
sending M — Homs, c(M, Spec(C)) = *

A pointed C-space consists of a C-space X together with a map
Spec(k) — X. Let Spc.(C) denote the category of pointed C-
spaces. If X is a C-space, let X, denote the canonically pointed
space X [ Spec(k).

Let X, Y be pointed C-spaces. Then their smash product X A Y is
defined as the pointed C-space associated to the functor

M — X(M) A Y(M)

We can see Spec(C), is a unit for the smash product.
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Smash product of pointed C-spaces

One of the features of motivic homotopy theory is that it admits a
bigraded family of spheres, S™".

Yu Zhang (NKU) Motivic Homotopy Theory - part 5 June 11, 2021 7/20



Smash product of pointed C-spaces

One of the features of motivic homotopy theory is that it admits a
bigraded family of spheres, S™".

Here S0 is the simplicial set S* (pointed by its unique O-simplex)
and S! := Al — 0 (pointed by 1). The sphere S™*™" is then the
smash product of m copies of S*° and n copies of St
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Smash product of pointed C-spaces

One of the features of motivic homotopy theory is that it admits a
bigraded family of spheres, S™".

Here S0 is the simplicial set S* (pointed by its unique O-simplex)
and S! := Al — 0 (pointed by 1). The sphere S™*™" is then the
smash product of m copies of S*° and n copies of St

Recall we have a pushout square

AL —0— AL
At Pt
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Smash product of pointed C-spaces

One of the features of motivic homotopy theory is that it admits a
bigraded family of spheres, S™".

Here S0 is the simplicial set S* (pointed by its unique O-simplex)
and S! := Al — 0 (pointed by 1). The sphere S™*™" is then the
smash product of m copies of S*° and n copies of St

Recall we have a pushout square

AL —0—— AL
At Pt

Since Al is motivicly contractible, we get PL ~ X(A{ —0) = SM0A
S11 = G§21 Here, note in the functor category colimits are computed
levelwise. Hence suspension is in the simplicial direction.
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Stable motivic homotopy category

A C-spectrum is a sequence of pointed C-spaces X = (X;)nen
equipped with pointed structure maps o : P& A X, — X,u1.
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Stable motivic homotopy category

A C-spectrum is a sequence of pointed C-spaces X = (X;)nen
equipped with pointed structure maps o : P& A X, — X,u1.

A map of C-spectra f : X — Y is a sequence of maps X, — Y,
commuting with structure maps in the obvious way:

]P)(]C A Xn U—> Xn+1

]P’}c/\fl lf

PLA Y, 2> Yo
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Stable motivic homotopy category

A C-spectrum is a sequence of pointed C-spaces X = (X;)nen
equipped with pointed structure maps o : P& A X, — X,u1.

A map of C-spectra f : X — Y is a sequence of maps X, — Y,
commuting with structure maps in the obvious way:

]P)(]C A Xn U—> Xn+1

]P’}c/\fl lf

PLA Y, 2> Yo

The resulting category of C-spectra is denoted Spt(C).
The sphere spectrum is S = (5§%0 521 ...).
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Stable motivic homotopy category

For m,n e Z, X € Spt(C) and M € Sm/C, define 7, ,X(M) to be
the colimit of the sequence

[Sm’n/\ M+7 XO] — [5m+2,n+1 A M+,X1] N [5m+4,n+2/\ M+,X2] ...

where M, denotes M (regarded as a C-space) with a disjoint base-
point and [—, —] = Homy(c)(—, —) denotes motivic homotopy classes
of maps. This makes 7, ,X into a presheaf on Sm/C called the
presheaf of stable motivic homotopy groups of X.
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Stable motivic homotopy category

For m,n e Z, X € Spt(C) and M € Sm/C, define 7, ,X(M) to be
the colimit of the sequence

[Sm’n/\ M+7 XO] — [5m+2,n+1 A M+,X1] N [5m+4,n+2/\ M+,X2] ...

where M, denotes M (regarded as a C-space) with a disjoint base-
point and [—, —] = Homy(c)(—, —) denotes motivic homotopy classes
of maps. This makes 7, ,X into a presheaf on Sm/C called the
presheaf of stable motivic homotopy groups of X.

A map X — Y in Spt(C) is a stable equivalence iff it induces
isomorphisms of presheaves 7, ,X — 7, Y for all m,n € Z.
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Stable motivic homotopy category

For m,n e Z, X € Spt(C) and M € Sm/C, define 7, ,X(M) to be
the colimit of the sequence

[Sm’n/\ M+,XO] — [5m+2,n+1/\ M+,X1] N [5m+4’n+2/\/\/7+,X2] .

where M, denotes M (regarded as a C-space) with a disjoint base-
point and [—, —] = Homy(c)(—, —) denotes motivic homotopy classes
of maps. This makes 7, ,X into a presheaf on Sm/C called the
presheaf of stable motivic homotopy groups of X.

A map X — Y in Spt(C) is a stable equivalence iff it induces
isomorphisms of presheaves 7, ,X — 7, Y for all m,n € Z.
Jardine shows that Spt(C) has a simplicial model category structure
where the weak equivalences are defined to be stable equivalences.
The homotopy category of Spt(C) is denoted by SH(C).
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Stable motivic homotopy groups

As a convention of notations, we often denote the homotopy group
Tmn X (SpecC) by just my, ,X.
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As a convention of notations, we often denote the homotopy group
Tmn X (SpecC) by just my, ,X.
The main known results for 7, ,S are:
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The main known results for 7, ,S are:

1. (Morel) 7 ,S =0 if m < n.
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1. (Morel) 7 ,S =0 if m < n.

2. (Morel) 7, ,S = KMYC, where KMYC is the Milnor-Witt K-
theory of C.
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Stable motivic homotopy groups

As a convention of notations, we often denote the homotopy group
Tmn X (SpecC) by just my, ,X.

The main known results for 7, ,S are:

1. (Morel) 7 ,S =0 if m < n.

2. (Morel) 7,,S = KMYC, where KMYC is the Milnor-Witt K-
theory of C.

3. (Levine) w5, S = myS. Moreover, there is a fully faithful em-
bedding functor ¢ : SH — SH(C) from classical stable homotopy
category to motivic stable homotopy category, derived from the con-
stant presheaf functor from pointed spaces to presheaves of pointed
spaces over Sm/C.
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Geometric realization

Let X € Sm/C be a C-scheme. We have a structure map X —
Spec(C). A C-valued point of X is a map Spec(C) — X making
the composite Spec(C) — X — Spec(C) equal to identity. One
writes X(C) for the set of C-points of X.
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Geometric realization

Let X € Sm/C be a C-scheme. We have a structure map X —
Spec(C). A C-valued point of X is a map Spec(C) — X making
the composite Spec(C) — X — Spec(C) equal to identity. One
writes X(C) for the set of C-points of X.

For example, consider X = A = Spec(Cl[xi, ..., x,]). A C-valued
point of X corresponds to a map C[x, ..., x,] — C making C —
C[x, ..., x,] = C = id which again corresponds to n-tuples of com-
plex numbers.
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Geometric realization

Let X € Sm/C be a C-scheme. We have a structure map X —
Spec(C). A C-valued point of X is a map Spec(C) — X making
the composite Spec(C) — X — Spec(C) equal to identity. One
writes X(C) for the set of C-points of X.

For example, consider X = A = Spec(Cl[xi, ..., x,]). A C-valued
point of X corresponds to a map C[x, ..., x,] — C making C —
C[x, ..., x,] = C = id which again corresponds to n-tuples of com-
plex numbers.

The set X(C) can be turned into a topological space by giving it
the analytic topology, which is locally induced from the topology
of the complex numbers C". In particular, we have AZ(C) ~ C",
(AL —0)(C)~C* -0~ S
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Geometric realization

The process of taking C-valued points derive a functor R¢ from the
motivic stable homotopy category to the classical stable homotopy
category.
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Geometric realization

The process of taking C-valued points derive a functor R¢ from the
motivic stable homotopy category to the classical stable homotopy
category.

This functor Rc is uniquely determined (up to homotopy) by the
following properties:

1. it preserves weak equivalences

2. it preserves homotopy colimits

3. it sends the motivic suspension spectrum of a scheme X to the
ordinary suspension spectrum of its complex-valued points X(C).
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Geometric realization

The process of taking C-valued points derive a functor R¢ from the
motivic stable homotopy category to the classical stable homotopy
category.

This functor Rc is uniquely determined (up to homotopy) by the
following properties:

1. it preserves weak equivalences

2. it preserves homotopy colimits

3. it sends the motivic suspension spectrum of a scheme X to the
ordinary suspension spectrum of its complex-valued points X(C).
Moreover, the composition Rc o c : SH — SH(C) — SH is identity.
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Geometric realization

The process of taking C-valued points derive a functor R¢ from the
motivic stable homotopy category to the classical stable homotopy
category.

This functor Rc is uniquely determined (up to homotopy) by the
following properties:

1. it preserves weak equivalences

2. it preserves homotopy colimits

3. it sends the motivic suspension spectrum of a scheme X to the
ordinary suspension spectrum of its complex-valued points X(C).
Moreover, the composition Rc o c : SH — SH(C) — SH is identity.
In the following, if X is a motivic spectrum, we will also let X(C)
denote its topological realization Rc(X).
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Motivic cohomology

Given a C-spectrum E and smooth C-scheme U, define the (m, n)-th
E-cohomology of U to be

E™"(U) = [Us, £™"E]

where X" is the (m, n)-th suspension functor S™" A — on Spt(C).

Yu Zhang (NKU) Motivic Homotopy Theory - part 5 June 11, 2021 13 /20



Motivic cohomology

Given a C-spectrum E and smooth C-scheme U, define the (m, n)-th
E-cohomology of U to be

E™"(U) = [Us, £™"E]

where X" is the (m, n)-th suspension functor S™" A — on Spt(C).
The (m, n)-th E-homology of U is

Emn(U) = [S™ E A U,]
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Motivic cohomology

Given a C-spectrum E and smooth C-scheme U, define the (m, n)-th
E-cohomology of U to be

E™"(U) = [Us, £™"E]

where X" is the (m, n)-th suspension functor S™" A — on Spt(C).
The (m, n)-th E-homology of U is

Ema(U) = [S™", E A U]
Similarly, for a C-spectrum X, define
E™M(X) =[X,X™"E]
Enn(X)=[S™" ENX] = Tma(ENX)
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Motivic cohomology

Given a C-spectrum E and smooth C-scheme U, define the (m, n)-th
E-cohomology of U to be

E™"(U) = [Us, £™"E]

where X" is the (m, n)-th suspension functor S™" A — on Spt(C).
The (m, n)-th E-homology of U is

Ema(U) = [S™", E A U]
Similarly, for a C-spectrum X, define
E™M(X) =[X,X™"E]
Enn(X)=[S™" ENX] = Tma(ENX)

When evaluated on the sphere spectrum S, we often write E™" :=
E™"(S), Emn = Enn(S).
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Motivic cohomology

Motivic cohomology with integer coefficients is represented in SH(C)
by a C-spectrum HZ™*. Motivic cohomology with mod p coeffi-
cients is represented in SH(C) by a C-spectrum HIF}*".

Yu Zhang (NKU) Motivic Homotopy Theory - part 5 June 11, 2021 14 /20



Motivic cohomology

Motivic cohomology with integer coefficients is represented in SH(C)
by a C-spectrum HZ™*. Motivic cohomology with mod p coeffi-
cients is represented in SH(C) by a C-spectrum HIF}*".

In the following, we fix an odd prime p and still work over C. We
often abbreviate HF'** just as H.
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Motivic cohomology

Motivic cohomology with integer coefficients is represented in SH(C)
by a C-spectrum HZ™*. Motivic cohomology with mod p coeffi-
cients is represented in SH(C) by a C-spectrum HIF}*".

In the following, we fix an odd prime p and still work over C. We
often abbreviate HF'** just as H.

In this setting, we have

H' = () = Flr]

where 7 is in bidegree (0, 1).
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Motivic cohomology

Motivic cohomology with integer coefficients is represented in SH(C)
by a C-spectrum HZ™*. Motivic cohomology with mod p coeffi-
cients is represented in SH(C) by a C-spectrum HIF}*".

In the following, we fix an odd prime p and still work over C. We
often abbreviate HF'** just as H.

In this setting, we have

H™" = H"(S) = Fpl7]
where 7 is in bidegree (0, 1).
H. o = H..(S) = Fp[7]

where 7 is the dual of 7 with bidegree (0, -1). However, we often
also write 7 as 7.
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Motivic cohomology

One can construct bistable cohomological operations:
Pi : H*,*(X) — H*+2i(p71),*+i(pfl)(X)

where P° = Id and P" =0 if n < 0.
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Motivic cohomology

One can construct bistable cohomological operations:
Pi : H*,*(X) — H*+2i(p71),*+i(pfl)(X)

where P = Id and P" =0 if n < 0.
We denote by [ the Bockstein homomorphism

B H**(X) — H**b*(X)
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Motivic cohomology

One can construct bistable cohomological operations:
Pi : H*,*(X) — H*+2i(p71),*+i(pfl)(X)

where P = Id and P" =0 if n < 0.
We denote by [ the Bockstein homomorphism

B H**(X) — H**1*(X)
H** = F,[r] is concentrated entirely in topological degree 0. It

follows that the cohomological operations (other than the identity)
act trivially on H** for dimension reasons.
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Motivic cohomology

We also have the analogous construction of motivic Steenrod algebra
A** = H**(H) as well as its dual A, . = H, .(H).
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Motivic cohomology

We also have the analogous construction of motivic Steenrod algebra
A** = H**(H) as well as its dual A, . = H, .(H).

The (graded commutative with respect to the first grading) algebra
A, . over H** is canonically isomorphic to the graded commuta-
tive algebra with generators & € Aypip pi—1, Ti € Agpi_1pi—1 and
relations & = 1,72 = 0. In other words,

./4*,* = IFp[T] & FP(€17€27 s ) & E(TO>7—17 o )

where 7 has degree (0, -1).
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Motivic Adams spectral sequence

Starting with the motivic sphere spectrum S, let H denote HIF}*",
let H be the homotopy fiber of S — H. We can inductively construct
an Adams resolution

Xo=S X1 =H

| |

Wo=HAXo=H Wi=HAX;

Here X, = H" W, = HA X, = HA H". )
The fiber sequence X; 1 — X — W; is induced by smashing H —
S — H with X,.
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Motivic Adams spectral sequence

This gives the motivic Adams spectral sequence and its E,-term is
Ext3" = (F, 7], B [r])

Here s is the homological degree, and (t + s, u) is the internal bide-
gree. Recall that t 4 s corresponds to the usual topological grading
in the classical Steenrod algebra, and u is the motivic weight. Some-
times we also refer to t as the stem and s as the Adams filtration.
Motivic Adams spectral sequence converges strongly to the bigraded
homotopy groups ¢ ,(S},), where S}, is the H completion of S.
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Motivic Adams spectral sequence

Applying the topological realization functor to our Adams resolution,
we obtain the classical Adams resolution. Topological realization
gives natural maps 7, 5(X) — m,(X(C)) for any motivic spectrum
X. This gives a map of spectral sequences £ — EStts,
Now we have commutative squares

s,(t+s,u) s,t+s
E S

r

dr j dr

Ers+r,(t+s+r—17u) ; Ers+r,t+s+r4
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Motivic Adams spectral sequence

There are maps of spectral sequences:

motivic Adams for S%°

/\

motivic Adams for Ct Adams for S°

classical algebraic Novikov
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