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Some Nontrivial Secondary Adams
Differentials On the Fourth Line

Xiangjun Wang, Yaxing Wang and Yu Zhang

ABSTRACT. Let p > 5 be an odd prime. Using the correspondence be-
tween secondary Adams differentials and secondary algebraic Novikov
differentials, we compute four families of nontrivial secondary differen-
tials on the fourth line of the Adams spectral sequence. We also recover
all secondary differentials on the first three lines of the Adams spectral
sequence.
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1. Introduction

The Adams spectral sequence (ASS) is one of the most useful tools to
compute the stable homotopy groups of the sphere 7,(S). The ASS has
Ey-page Ext;"(Fp,Fp), where A, is the dual mod p Steenrod algebra.

In this paper, we always assume p is an odd prime. Then we have

A* :P[é.lag?v'”]®E[7—07T177—27"']

where P[{1,&,---] is a polynomial algebra with coefficients in F,, and
El1y,T1, T2, -] is an exterior algebra with coefficients in F,,.

The Adams-Novikov spectral sequence (ANSS) is another useful tool for
computing m,(S). The ANSS has Ey-page Exty;p 5p(BPx, BP.), where BP
denotes the Brown-Peterson spectrum. We have

BP* = F*(BP) = Z(p)[vl,vg, e '], BP*BP = BP*[tl,tQ, e ]

where Z,) denotes the integers localized at p.

The Adams-Novikov Ey-page can be computed via the algebraic Novikov
spectral sequence (algNSS) [12, 14]. The Es-page of the algNSS has the
form Emtfgf(lﬁ'p,[k/[kﬂ), where I denotes the ideal (p,vi,ve,---) C BP,,
and P, = BP,BP/I = Plt1,ts,- -] is the F)-coefficient polynomial algebra.
Here, we have re-indexed the pages to align with the notations in Gheorghe-
Wang-Xu [4] and Isaksen-Wang-Xu [6].

The FEs-page of the Adams spectral sequence can also be computed via
another spectral sequence, called the Cartan-Eilenberg spectral sequence
(CESS) [3, 15]. For odd prime p, the Es-page of the CESS coincides with
the Fa-page of the algNSS. Then, we have the following diagram of spectral
sequences.

Bt} (Fy, I* /1) =E55— g R (F, F,)

algNSSﬂ HASS

Batyp, pp(BPy, BP,) — 1, (S)

In practice, the main difficulty of computing with the ASS is that the
Adams differentials d29™*’s are difficult to be determined in general. On
the other hand, the algebraic Novikov differentials d™9°s are much easier to
be computed. This is because the entire construction of the algNSS is purely
algebraic. Computing d?lg ’s does not require any topological background
knowledge. It turns out that when r = 2, there is a direct correspondence
between di%@ms’s and d3'9’s.

Theorem 1.1 (Novikov [14], Andrews-Miller [2, 10]). Let z € Extitk’t+k(lﬁ‘p, Fp)

be a nontrivial element detected in the CESS by x € E’wt;’f (Fp, I¥/T%+1). Re-
gard x as an element in the algNSS, then the secondary algebraic Novikov
differential dglg (z) represents the secondary Adams differential dy @™ (z).
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Let p > 5. A complete list of generators together with their d59%ms(z)
has been determined for the first three lines of the Adams Fs-page, i.e.
E:Etiii (Fp,Fp) with s = 1,2,3 (see [1, 7, 11, 16, 17, 18]). Meanwhile, only
partial results are known for the fourth line Ea:ti(: (Fp,Fp) (see, for example,
[19]).

In this paper, we demonstrate a practical computing strategy to deter-
mine d‘g‘d“ms s by computing their corresponding dglg ’'s. We will work on
several explicit examples and provide detailed proof. Our main result is the
following.

Theorem 4.4. There are nontrivial secondary Adams differentials given as
follows:
(1) d124dams
(2) déﬁldams
(3) déﬁldams
(4) déﬁldams

haih3i9:) = aobai—1h3,ig:, fori > 1.
haih3iv1kiz2) = aobai—1h3it1kiye, for i > 1.
ha;igihit3) = aobai—1gihiys, fori> 1.
hsihait1ki) = aobsi—1h2iv1ki, for i > 1.

e e e

Remark 1.2. Here, we follow the conventions of [17, 19] to name Adams
Es-page elements by their May spectral sequence (MSS) representatives,
compare with Table 2 and Table 3. We would like to comment more ex-
plicitly on the indeterminacy of these classes. For example, the result of (1)
should be interpreted as follows. If an element x € Eactic (Fp,Fp) has MSS
representative hg;h3;g; := haihsihoih1;, then its secondary Adams differ-
ential d?dams(az) has MSS representative agbs ;—1h3,:9; := aobs,i—1h3,ihoih1 ;.
More details of the MSS are reviewed in Section 3.

It is straightforward to verify that these four families of elements are
indecomposable, i.e., they can not be written as products of elements from
the first three lines. Consequently, one can not deduce the differentials
simply via Leibniz rule.

From our point of view, the practical computational strategy here is pos-
sibly more interesting than the result itself. To further demonstrate this, in
Section 5, we use the same strategy to recover all secondary Adams differ-
entials on the first three lines.

Previously, the nontrivial Adams differentials on the third line were com-
puted in [17] using matrix Massey products [9]. Comparatively, our com-
putation has the following advantages: (i) Our computations can be easily
adapted to analyze other d’z“d“ms ’s of interest. On the contrary, the ma-
trix Massey product method could fail when the relevant indeterminacy is
nontrivial; (ii) Our computations of the algebraic Novikov differentials are
routine and purely algebraic. Such computations are comparatively more
straightforward than the previous ones using matrix Massey products.

Organization of the paper. In Section 2, we review the algebraic struc-
tures and constructions related to Hopf algebroids. These structures are
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fundamental to later computations. In Section 3, we discuss several spectral
sequences we use in this paper, including the algNSS, the CESS, and the
May spectral sequence. In Section 4, we compute relevant algebraic Novikov
differentials and prove Theorem 4.4. In Section 5, we use the same compu-
tational strategy to recover the secondary Adams differentials on the first
three lines.

Acknowledgments. We would like to thank the anonymous referee for the
detailed suggestions. The third named author would also like to thank Zhilei
Zhang for helpful discussions. All authors contribute equally.

2. Hopf algebroids

In this section, we review the definition as well as two important exam-
ples of Hopf algebroids. We will also recall the associated cobar complex
construction.

Definition 2.1 ([15] Definition A1.1.1). A Hopf algebroid over a commu-
tative ring K is a pair (A,I") of commutative K-algebras with the following
structure maps
left unit map n;, : A - T
right unit map ng: A —» T
coproduct map A:I' - T'®4 T
counit map e : ' = A
conjugation map c: I' - T’
such that for any other commutative K-algebra B, the two sets of K-

homomorphisms Hompg (A, B) and Homg (I', B) are the objects and mor-
phisms of a groupoid.

2.2. The Hopf algebroid (BP., BP,BP). An important example of
Hopf algebroids is (BP,, BP.BP) [5, 11, 15]. Recall that we have

(1) BPs:=m«(BP) = Z)[vi,ve,---], BP.BP = BP[t1,t2,- -]
We also have

(2) H.(BP) = Zgy[mi,ma, -]

where |v,| = |t,| = |my,| = 2(p" — 1).

Notations 2.3. Throughout this paper, we denote vy = p, and mg =ty = 1.
The Hurewicz map induces an embedding
i: BP., — H,(BP)

-1
(3) — o
Up > PNy — E Uy
=1
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We can describe the structure maps of the Hopf algebroid (BP,, BP.BP)
as follows.

The left unit and right unit maps nr,ng : BP. — BP,BP are determined
by

(4) nL (Un) = Un

(5) nr(ma) = > mit?’

i+j=n

The coproduct map A : BP,BP — BP,BP ®pp, BP,BP is determined
by

i U i+J
(6) domiAt)P = > mit? @]

i+j=n i+j+k=n
The counit map € : BP,BP — BP, is determined by
(7) e(vn) =vp, €(ty) =0.

The conjugation map c : BP,BP — BP,BP is determined by

(8) St et = my
i+jit+k=n

In practice, it is more convenient to work with ng(v,) instead of ng(m.,).

Let I denote the ideal (p,v1,vs,---) C BP.. Then I is an invariant
ideal as a BP,BP-comodule, in other words, we have np(I) - BP,BP =
BP,BP -ng(I). For k > 0, we let I* - BP,BP denote n(I*) - BP,BP =
BP,BP - nr(I%).

We have the following formulas.

Proposition 2.4. Let n > 0. The right unit map ngp : BP. — BP,BP
satisfies

n—i

n .
(9) nr(v) = Y vith_, mod I? - BP,BP
=0

Proof. We prove by induction on n. The case for n = 0 is trivial. Now
suppose (9) is true for 0 < i < n—1. Then, in particular, nr(v;) € I-BP,BP
for 0 <i <mn—1. Note (3) implies

(10) vp = pmy, mod IPH,(BP)
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for n > 0. Then, direct computation shows

n—1

k() = p nR(ma) — Y 1R(Va—i) nr(ms)  (by (3))
=1
= p nr(my,) mod I? - BP,BP

n—i

11 . i
i=0

n .
=Y with_, mod I’ BP,BP (by (10))
=0

Similarly, we could obtain the following formulas for A(¢,,).

Proposition 2.5. For n > 0, we have
(12)

n

n—1
Alta) =Y tax @t =S tbu_isr mod I? - BP,BP ®pp, BPBP
k=0 i=1

where we denote
1 : Pk it ‘ pitl pi—k+it1
(13) bij = 5[(2 tik@th P =Y et ]
k=0 k=0
fori>1,35>0.

Proof. We prove by induction on n. The case for n = 0 is trivial. Now
suppose (12) is true for 0 < ¢ < n — 1. Then, direct computation shows

(14)
. n .
Altn) = D mi(At)P = mi(Aty ;)P
i+j=n i=1
(3 (] (3
= Z mitg ® ti — Z mi(Atn,i)p
i+j+k=n =1
n e n n—i e n )
=Y k@t > mO @t ) = mi(Aty)P
k=0 =1 k=0 =1

n n—i

n
n—k U g n—k
B STV SUNTU ) ST
k=0 i=1 k=0
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Modulo 72 - BP,BP ®pp, BP.BP, we have

n ) n—i .

Z (At )P — Z ot

> mil Ztn k@) Zt n @8]
i=1

n—1

= mei Ztn i— k®tpn . k Ztn i— k®t§nik]

=1

n—1
g Vibn—ii—1
i=1

This completes the proof.

O

2.6. The dual Steenrod algebra .A,. The Steenrod algebra provides
another important example of Hopf algebroids.

Let A, denote the dual mod p Steenrod algebra for an odd prime p, we
have [13]

(15) A*:P[€17§27'”]®E[7—077—177-27"’]
as an algebra, where P[], &2, -] is a polynomial algebra with coefficients
in Fp, E[r9, 71,72, -] is an exterior algebra with coefficients in [F,,. For the

internal degrees, we have |&,| = 2(p"™ — 1), |m| = 2p™ — 1. We also denote
§o = 1.

One can show A, is a Hopf algebra over F,. In particular, (IF,, As) has
a Hopf algebroid structure. We can describe the structure maps as follows
[13].

The left unit ny, : F, — A, right unit ng : F, — A, and counit € : A, —
F, maps are all isomorphisms in dimension 0.

On generators, the coproduct A : A, — A, ® A, is given by:

n . n )
(16) Afn :Z€£11®527 A'rn :Tn®1+25571®7}
i=0 i=0
The conjugation map ¢ : A, — A, is an algebra map given recursively by
(17) c(o) = 1, Zf c(&) =0,n >0,
(18) Tn—i-Zf ) =0,n>0.

For our computational purposes, we prefer to use a different set of gener-
ators. We denote ¢, = ¢(&,),n > 1, and 7,, = ¢(7,),n > 0. We also denote
to = 1.
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Proposition 2.7. Let p be an odd prime, we can write
(19) Ay = Plt1,t2,- -] ® E[fo, 71,72, -]

as an algebra, where |t,| = 2(p" —1), || = 2p" — 1. Moreover, the coproduct
A A — A, ® A, is given by:

n n
(20) Aty =Y t;@th_ Afy=> fHeth  +1a#
i=0 i=0
Proof. It is straightforward to deduce the coproduct formulas by induction
on n. Here, we outline the strategy to prove (20) for ¢,,. The formula for 7,
can be verified similarly.
The case for n = 0 is trivial. Now, suppose (20) is true for 0 < m < n—1.

Note (17) implies

n—1 )

D (A& (At) + Aty =0

i=0

To deduce the desired result, it suffices to show

n—1 n )
D (AL (At) + > i@t =0
=0 1=0

Indeed, we have

|
—

n

(A& (At) + >t 0t

Ing

1=0 1=0
n  n—t ] K X
J 7
=2 [Q &l ;06 QO tatl )]
=0 j=0 k=0
- Ll itJ i ‘ k
21) =10 & ;08 et )]
=0 j5=0 k=0
n—r k+s k
= > & Tued #
Jj+r+k+s=n
n-r S k n—r
= > & Tue( Y, g+ > & ol
r4+k<n jH+s=n—k—r r4+k=n
=0

O

Remark 2.8. The advantage of using the new set of generators is that, as
we will see in Section 3, ¢(&,,) corresponds to the generator t,, € BP,BP and
¢(1y,) corresponds to v, € BP,. Hence, we abuse the notation and denote
c(&y,) as t, when no confusion arises.
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2.9. Cobar complexes.

Definition 2.10. Let (A,T") be a Hopf algebroid. A right I'-comodule M is
a right A-module M together with a right A-linear map v : M — M ®4 I’
which is counitary and coassociative, i.e., the following diagrams commute.

MY Me,T M—Y MauT
\\LM(@E wl lM@A
M -
M@y T w®rM®AF®AF

Left I'-comodules are defined similarly.

Definition 2.11. Let (A,T") be a Hopf algebroid. Let M be a right I'-
comodule. The cobar complex Q7" (M) is a cochain complex with

O (M) =M esT™
where T is the augmentation ideal of ¢ : I' — A. The differentials d :
Qrt (M) — Q?+1’*(M) are given by
dmer1R@r2® - Qxs) = —(P(m) — MR R Rra® -+ ® x4

S
_ Z(—l))\i,ﬁm QLI R ® (Z :L‘;J-i ® xfb’,ﬁ) RTiy1 ® - @ Ty
i=1 Ji
where
nggl @i, =A) - 1@ —2;,01
Ji
Nige = b4 |+ 4 i | 4 |27

The cohomology of QF" (M) is Ext(" (A, M) (see [15, Section A1.2]).

3. Some relevant spectral sequences

In this section, we review the construction and properties of some rele-
vant spectral sequences, including the algebraic Novikov spectral sequence
(algNSS), the Cartan-Eilenberg spectral sequence (CESS), and the May
spectral sequence (MSS). These spectral sequences will be used in later
computations.

3.1. The algebraic Novikov spectral sequence. Let I be the ideal of
BP, generated by (p,v1,vs,---). The ideal I induces a filtration

(22) BP,.=I°>I'o>rP>pB>--.oIF>1* 5.

Consider y = apkOU’flv§2 -+ € BP,, where a € Z, is invertible. We let
I(y) = Lik; denote the length of y. Then y € I* if and only if I(y) > k.



10 X. WANG, Y. WANG AND Y. ZHANG

Let Ej B P, denote the associated graded object, where Eé“BP* =TIk /1 k+1
We have

(23) ESBP*:@Ik/Ik—’_l :]Fp[QO7QI7q27]
k>0

is a IFp-coefficient polynomial algebra, where the generator ¢; corresponds to
vi, IF /I k+1 corresponds to those homogeneous polynomials of degree k.
Similarly, we can filter BP,BP. Denote

F*BP,BP =y, (I")BP,BP = BP,BPyg(I*)

We define the associated graded object E¥ BP.BP := F*BP,BP/F**'BP,BP.
The filtration of BP, and B P, B P together induces a filtration on Qpp, pp(BPx).
Such filtration induces an associated spectral sequence [15, A1.3.9] converg-
ing to Extyp pp(BP., BP,).

Theorem 3.2 ([12, 14]). There is a spectral sequence, called the algebraic
Novikov spectral sequence (algNSS), converging to Ezt%’,}*BP(BP*, BPy) with
Ey-page

EyYF = Bty (F,, 17 /18
and dﬁlg : Ef’t’k — Eﬁ“’t’kwfl, where
(24) P, := EgBP.BP ®p,pp, F, = BP.BP/I = Plt1,ts, -]
is the IFp-coefficient polynomial algebra.

Remark 3.3. Our index of pages here is different from the ones used in
[2, 15]. We have re-indexed the spectral sequence to align with the notations
in [4, 6].

3.4. The Cartan-Eilenberg spectral sequence. Let A, denote the dual
Steenrod algebra for an odd prime p. Recall from Proposition 2.7 that we
have

A* :P[tlatQ)"']®E[7:077:177‘:2)"'}
Let P, denote Plt1,to, -] C As. Let E, denote E[7y, 71,72, --]. Then
P, — A, — E,

is an extension of Hopf algebras [15, A1.1.15], which induces a spectral
sequence [15, A1.3.14] converging to Ext’;" (Fp, Fp).

Theorem 3.5 ([15] Theorem 4.4.3, 4.4.4). Let p be an odd prime. There is
a spectral sequence, called the Cartan-FEilenberg spectral sequence (CESS),

s1+s2,t

converging to Exty " (Fp,Fy) with Ey-page
Byt = Bty (Fy, But (Fp, Fy))

t t,52—r+1 .
and d, : ESVP%2 — EpRTbs2THL  Aoreover, one can prove the following
results:
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(a) Exty;™ (Fp,Fp) = Plag, a1, - -] is a polynomial algebra with generator

a; € ExtY2P' =1 represented in the associated cobar compler Qp, (Fp) by [7:].
(b) The Py-coaction on Extg, (Fp,Fp) is given by

(25) Wlan) =Y a0,
=0

(¢) The CESS collapses from Eo with no nontrivial extensions.
(d) There is an isomorphism

(26) Baty (B, 17/ 1M =2 Baty T (F,, Bath) (F,,Fp))
between the Fo-page of the algNSS and the Es-page of the CESS.

The (d) part shows the two Ext groups are isomorphic (up to degree
shifting). Moreover, we can show the two associated cobar complexes are
isomorphic (up to a shifting of degrees). More precisely, there is a natural
isomorphism

(27) Qp, (IF/ 1Y) = Qp, (Bt (Fy, Fy))
sending t; to t; and ¢; to a;.

Indeed, by Theorem 3.5 (a), Extf, (F,,F,) is the homogeneous degree k
part of the polynomial Plag,ay,as,---]. Hence I*/IF+1 = Emt’fg* (Fp,Fp).
If x € I¥/I**! has inner degree ¢, then its corresponding element # €
Emt’ﬁ;* (Fp,Fp) has inner degree t + k. This degree shifting is a consequence

of the fact that |¢;| = 2(p* — 1) = |a;| — 1. Moreover, the comodule structure
map ¢ : IF /151 — [¥/T*+1 @ P, induced from (9) is given by

(28) Wlan) =D a0t
=0

which also agrees with (25).

Notations 3.6. In this paper, we often refer to Es-terms of the algNSS by
their representative in the cobar complex Qp, (I¥/I**1). For example, we let
qo ® 1 denote its homology class in Emt}a’j (Fp,1/1?). The correspondence
between different Fs-pages becomes clear under this naming convention.
For example, gy @ t} € Ea:t};j([ﬁ‘p, I/I?) in the algNSS corresponds to ag ®
€ Batp'(Fp, Exth (Fp,Fp)) in the CESS, which represents 7o @ t} €
Ext’(F,,F,) in the ASS.

3.7. The May spectral sequence. The Fs-terms Exti’li (Fp,Fp) of the

Adams spectral sequence could be computed via the cobar complex QX (Fp).
In practice, we could simplify such computations by filtering Qx (Fp).

Theorem 3.8 ([8], [15] Theorem 3.2.5). Let p be an odd prime. A, can be
given an increasing filtration by setting the May degree M(tfj) =M(7i1) =
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2i — 1 fori—1,7 > 0. The filtration of A naturally induces a filtration of
Qx (Fp). The associated spectral sequence converging to E’xtili (Fp,Fp) is
called the May spectral sequence (MSS). The MSS has E1 page

(29) E}™" = Elh;;li > 1,7 >0l ® Pb; ;|i > 1,j > 0] ® Pla;|i > 0]
and d, : ESWM ESH’t’M*T, where

hij =[] € EPP®IP

P
7
p—1

i\ p— p 1.p(2i—1)
(30) Z() Ve p e BT
=1

a; =[7] € E11,2p —1,2i+1

Remark 3.9. Technically, we could denote the generator by 5” instead of
b; ; to avoid possible confusion with the element

7
+1 j+1 i—k+j+1
Ztl A L T T

k=0
defined in (13). However, let z be the element in Q7" (F,) corresponding to
bi; (Notations 3.6). Note Q7" (F,) has coefficient F,,, we have

1 i P p R 1 P2 (p—t)p!
== Z Z tpd (tity ® by, ) (timk, © by )

P s =1
tp] 4= t)p' tpiti=h (p—t)pttIh2
L S ()t e
Py Zh =1

Its May filtration leading term is

Z( )tfpj @t _j,
Therefore, we often abuse the notation and also denote l;iyj by b;.;.

Note we can analogously define an increasing filtration on Qp, (I* /1 (“+1)

(hence also on Qp, (Exth, (F,,F,))) by setting the May degree M(tfj) =
M(gi—1) =2i—1fori—1,7 > 0. We observe the following structure maps:

n . n
(31) W) =D G @t Aty=Y ot
=0 =0

For i < n, we have M (q,,) = 2n+1 > 2n = 2i+1+42(n—i)—1 = M(ql®t£ i)
Similarly, for 0 < i < n, M(t,) =2n—1>2n—2 = M(t; @ t*_,). Let
d denote the differential of the cobar complex Qp, (I¥/I¥*1) (see Definition
2.11). Then d respects this May filtration. Hence, we can talk about the



SOME NONTRIVIAL SECONDARY ADAMS DIFFERENTIALS 13

May filtration of the algNSS Fs-terms. Moreover, the May filtration of
the elements in the algNSS FEs-page agrees with the May filtration of the
corresponding elements in the ASS Fs-page (see Notations 3.6).

4. Secondary Adams differentials on the fourth line

In this section, we prove our main result Theorem 4.4. Using Theorem
1.1, we determine these secondary Adams differentials d?dams by computing
their corresponding secondary algebraic Novikov differentials dglg .

Our computational strategy in this paper can be summarized as follows:

(1) Let = be an element in the Adams Es-page. Let [ be the MSS
representative of x.

(2) As stated in Notations 3.6, we find the the element 2’ (resp. ') in
the algebraic Novikov spectral sequence corresponding to z (resp.
1). We deduce !’ is the May filtration leading term of 2.

(3) Through a careful analysis of I’, we determine the May filtration
leading term o/ of d59 ().

(4) Let y be the element in the MSS corresponding to y’. Then we
conclude d4'9%™s () is represented by .

In particular, we will use Table 1 for the four families of Adams Es-terms
in Theorem 4.4.

Adams Fs-term x | MSS representative [ | corresponding algNSS term I’
hahs.ig; haihsihaihyi ol el @l
hyihsiv1kite hyihsit1h2ivohyivs tii ® té’i“ ® téi” ® tﬁﬁs
haigihiss haihoihy b its AT LA
h3,ih2it1k; h3ih2it1hoihi v t%f ® téi“ ® tgi ® tlfm

TABLE 1. Representations of the four elements

Now we start the actual computations.

Lemma 4.1. Let d denote the differential in the cobar complex QU5p, pp(BPk)
(Definition 2.11). Let n,i > 1, we have

n—1 et
(32) d() =3 "t , @t " 4 pbu;1 mod I*- BP.BP @pp, BP.BP
k=1
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Proof. After reduction module I? - BP,BP ®pp, BP.BP, we have
Ay =AY -1t -t 1

n n—1
n—k 7 7 )
= ( E tn—k ®t£ — E Uibn_i7i_1)p —-1® tﬁ — tﬁ ®1 (by (12))
k=0 i=1

n
n—k_ i 7 7
= thax®th, VW10t -t el
k=0

n—1 s
= Z tg_k ®th Ty pbp,i—1 (compare with (13))
k=1

O

Proposition 4.2. Let z € E:ct;lg’j(lﬁ‘p, BP,/I) be an element in the Eay-page
of the algNSS such that x has May filtration leading term tii ®t§i ®t§i ®tlfi,
where © > 1. Then dglg(:c) has May filtration leading term qobs;—1 ® tgz ®
' o

Proof. We will compute d3"(z) as follows. First, we will find a repre-
sentative  of x in Qg}* pp(BPy). Afterward, we will analyze d(Z), where

d : QZE;*BP(BP*) — Q%;*BP(BP*) denotes the differential in the cobar
complex QE}* pp(BP;). This analysis will provide us with the necessary

information about d(Z), which represents d5(z) € Ea:t?;j (Fp, I/1?).
Using Lemma 4.1 and the Leibniz rule, we have
(33)
At @t o) @) =dt})oth oth ot —tf odth)oth @
+tf @t @dh )t —t) @th @b @d())
= R+pbyi@th @t @t +L mod I? - BP.BP®®
=R mod I-BP,BP®
where we denote
(34)
(2 i+3 7 i+2 (2 i+1 7 7 (1
R=(tf ot] +th oty +t) oty )t ot) o]
T 0 42 T i+1 T T T 7 T i+1 0
—th o) ot +i @th Yeth ot] +i] @t ot] @t @,
and
(35)
L=—t! @pbs; 1 0th @t +18 @18 @pbo; 10t —t8 @8 @15 @ pbii
which is a sum of monomials in I - BP,BP®> with May degrees lower than
M(pbyi1 @ty @th @t)) =17p+10.
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Since = € Emt}ﬁj([ﬁ‘p, BP,/I) has May filtration leading term tii ® tgi ®

tgl ®t1172, we can choose a representative Z of  in Q%}Z* »p(BP.) = BP,BP®*
in the form of

(36) F=t ot oty ©ff =y,
T

such that:
(a) each y, is a monomial in BP,BP®* and is not an element of I -
BP.BP®*,
(b) M(y,) < M(t2 @15 @5 @'y =T+5+3+1=16,
(c) >, d(y;) = R mod I - BP,BP®®, ensuring that d(#) = 0 mod I -
BP.BP®%5.

For each 7, we express d(y,) as a sum of monomials in BP, BP®®:

(37) d(yr) =D Zru

u
Next, we define the sets A, = {z.4|2py ¢ [ - BP.BP®} and B, =
{2vu|zrn € T - BP.BP®, 2., ¢ I* - BP.BP®%}, which correspond to the
(possibly empty) sets of summands. Using these sets, we then obtain:

(38) 0=d@#=R->_ Y 2z modI-BP,BP®

T Zru €A,

(39) d(#) = pbyi@th ofh ' +L-> Y 2., modI*.BP,BP®

T zZpuE€EDBr

Therefore, pby i—1 ® tgi ® tgi ® tfi +L—=3,. 3.  cp Zrurepresents A3 (x) e
Bty (Fy, I/1?).

The condition M (y,) < 16 strongly restricts the form of y,. To show that
M (zp) < M(pbai— ® tgl ® tgz ® t’lﬂ) = 7p + 10 holds for all 2., € B,, we
can conduct a tedious but straightforward check through all possible forms
of y.. Alternatively, we can summarize the idea as follows, considering three
different cases:

(a) If y, = tik ® A with k > 1, where A is made up of t1, t9, and t3
terms and M(A) < 8, then we have M(z,,) < M(pbyr—1 ® A) =
T+14+ M(A) <Tp+9<Tp+ 10.

(b) Ify, = t4®A, where A is made up of ¢y, to, and t3 terms, and M(A) <
8, we note that d(t4) = t3®t1133+t2®t12?2+t1®t§—’01b370—?}25271—1)3()1’2.
Also, M (b; ;) = p(2i — 1) < 5p for i < 3. We can then observe that
M (z) < 7p + 10.

(c) If y, is made up of t1, ta, and t3 terms, we can also use similar ideas
and check that M(z,,) < 7p + 10.
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Thus, we conclude d%¥(z) has May filtration leading term goby;_ ® tgi ®
th o O
We can compute the following differentials similarly to Proposition 4.2.

roposition 4.3. We have the following secondary algebraic Novikov dif-
P ition 4.3. We have the followi d lgebraic Novikov dj
ferentials.
@ 41 142 i+3 41 42 i+3
(1) A9 @2 ot o )= qbi 19t B @t for
i>1.
1 0 0 0 i+3 0 @ i+3 .

(2) dy(t] ®t§§> t) @t _+)1:q0b4,i,1®t§’ %#1’ ® ] ,ﬁorz > 1.

(3) da(t8 @b @th @t ) = qobzi 1 @15 @) @ fori > 1.
Here, the equations hold after modding out lower May filtration terms.

Proof. These results can be computed directly analogous to Proposition
4.2. O

Theorem 4.4. There are nontrivial secondary Adams differentials given as
follows:

(1) di@™s(hy;hsig;) = agbai—1hsigi, fori > 1.

(2) d49ms(hy ihg it1kito) = aobai—1hsit1kite, fori > 1.

(3) d?dams(}% 19 z+3) = a0b41 lgz i+3 fO’I“ 1> 1.

(4) d49ms(hg ;hoi11k;) = aobsi—1heiv1ki, fori > 1.

Proof. These results can be directly deduced from Propositions 4.2 and 4.3.
Moreover, these differentials are all nontrivial. We can take agby ;—1h3:9; as
an example to show agbsi—1hs3,:9; # 0 € Exti{f. The other three cases are
similar.

Note agbs i—1h39; has May spectral sequence representative

6,t,M
apbyi—1h3ihaih1; € By

Here the inner degree is

t=1+gp"(L+p+p*+0°)+ (1 +p+p*)+(1+p)+1)
where we denote ¢ = 2(p—1). Let « be an element in Eir”t’*. Inspection of de-
grees shows x must be a0h4,ih37ih27ih1,i. Then M(fL‘) < M(a0b47i,1h37ih2’ih17i).
Hence agbs,i—1h3ihoih1; can not be the image of any May differential d,

EBMAT E?’t’M, r > 1. This completes the proof. O

It is worth pointing out that Zhong-Hong-Zhao [19] also computed two
other nontrivial differentials on the fourth line.

Theorem 4.5 (Zhong-Hong-Zhao [19]). On the fourth line Ea:tii (Fp, Fp)
of the Adams spectral sequence, there exist two nontrivial secondary Adams
differentials given as follows:

(1) d§ms(h3 gihoi—1) = agbsi—1gih2i—1 fori > 2.

(2) d3e™(h3ikiv1hoiv2) = aobsi—1kip1h,ive fori> 1.
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Their result can be recovered by computing the following corresponding
algebraic Novikov differentials.

Proposition 4.6. We have the following secondary algebraic Novikov dif-
ferentials. Here, the equations hold after modding out lower May filtration

terms.

@ 0 0 i—1 i i i—1
(1) ds9(t5 @ th @t @) ) =qobsim1 @ th @tF @), fori>2.

@2) dfeE ot ot @

1> 1.

7+2

41 42 i+2
)= qobsic1@th @t T @th T, for

Proof. These results can be computed directly analogous to Proposition

4.2.

O

Our computations here are comparatively more straightforward than the
original computations in [19] using matrix Massey products.

5. Secondary Adams differentials on the first three lines

In this section, we use the strategy explained in Section 4 to recover
secondary Adams differentials on the first three lines.
The generators for the first two lines of the Adams spectral sequence were
determined by Liulevicius in [7]. We summarize them in the following table.

Generator | Representation in MSS | Inner Degree | Range of indices

ao ap 1
hi hi; qp’ i>0

atho airhip 2g+1
a% ag 2

aoh; aohy; qp' +1 i>1
gi hoihy i q(2p® + p'th) i>0
k; hoihi i1 q(p’ +2p1) i>0
b; b, gptt i>0

hih; hihy, g’ +p) | j-22i>0

TABLE 2. A [Fp-basis of Extx and Emti{j

For odd primes, Aikawa [1] determined a basis for Eacti(t using A-algebra.
For p > 5, Wang [17] determined the May spectral sequence representatives
of the generators. The result is summarized in the following table.

Generator | MSS Representation Inner Degree Range of indices
hihjhy, haihaghi g a@' +p +pF)  |k-4>5-2>i>0
aphih; aphi ihy j qip'+p))+1 j—2>i>1
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aghi aghai qp' +2 i1
a} ap 3
bih; b1,iha,j g +p7) i,j20,j#i+2
aobi aobl,i qpiH +1 1>1
gih;j haihi:h1 q(2p’ + ptt 4 pd) JFI+ 20,01,
and i,5 >0
giao ha ihi iag q(2p" +p"t) +1 i1
kihj ha b1 iy1h ap' + 2" 7)) | A+ 2iEL,
and 4,7 > 0
kiag hoih1iv1a0 q(p' +2p") +1 i>1
alhoh]‘ a1h170h17j q(2 —l—pj) +1 ] > 2
h3.,igi h3ihaih q(3p' + 2p" + pit?) 1 >0
azko azhz ohi q(2+3p) +1
h2igit1 haihaiv1h i1 q(p' + 3p™! +p't?) >0
aigo athaohio q(3+p)+1
h3ihivoh; hsihiiv2h q(2p' + p"tt 4 2p"*2) >0
h3,ikiy1 h3ihoiv1hy o q(p" +2p"tt 4 3p't2) t >0
a%ho a%hm 3q + 2
baihit1 ba,ih1,it1 q(2p™tt 4+ p't?) >0
baihita ba il ivo q(p™™t + 2p'T2) >0

TABLE 3. A Fp-basis of Emti{i

We can compute d?d“ms for the basis elements in Table 2 via comput-

alg

ing dy” of their corresponding elements. For simplicity, we only list the

nontrivial dglg differentials here.

Proposition 5.1. Let p be an odd prime. Amongst the elements in the
algebraic Novikov spectral sequence that corresponds to the first and second
line basis listed in Table 2, all nontrivial d;lg 's are summarized as follows.
Here, the equations hold after modding out lower May filtration terms.

( dalg(tp ) = Q[)bli 1, fori > 0.

dalg(ptp ) = qOblZ 1,1>1.

A28 @ ') = qobys g @, i > 1.

dalg(tQ ® tl) = —qb1p @ 1.

A9 @) = qobaiy @t i > 1.

dal ®tp ) = qob1,i—1 ® tzfj — tlfi ® qob1,j—1, j—2>1i>1.

(2
(3) d
(4
(5
(

6 g

\_/\_/\_/\_/\_/\_/

tp
tp
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Proof. Analogous to Proposition 4.2, all of the results are computed directly
from the construction of the cobar complex. O

Then, we can recover the d‘;dams results on the first two lines directly
from Proposition 5.1.

Theorem 5.2 (Liulevicius[7], Shimada-Yamanoshita [16], Miller-Ravenel-Wil-
son [11], Zhao-Wang [18]). Amongst the first and second line basis in Table
2, all nontrivial Adams dy differentials can be summarized as follows.

( ) dAdams(h ) _ aObz 1 i> 1

g0) = —a1b0h0.
i) = apbzi—1hit1, i > 1.
(6) d4ms(h;h;) = agbi—1hj — hiagbj—1, j —2 >1i > 1.

(2) ( >
(3) dAdams(gz) = aobz,z‘—ﬁbz, i>1.
(4) (90)

(5) (

Similarly, we can compute d‘;dams for the third line basis via comput-

ing dglg of their corresponding elements. For simplicity, we only list the
nontrivial differentials here.

Proposition 5.3. Let p > 5 be an odd prime. Amongst the elements in the
algebraic Novikov spectral sequence that corresponds to the third line basis
listed in Table 3, all nontrivial ds U935 qre summarized as follows. Here, the

equations hold after modding out lower May filtration terms.
(1) ds (] @t @) ) = qobyim1 @] @1 —t] @ qobyj—1 @8] +1] @
t1]®qoblk 1,for/<; 4>j—2>z'21.

(2) dalg(qotp D) = @b @t — @t @by, forj—2>i>1.
(3) d5(@3t) = qibri-1, fori > 1.

(4) dalg(b“@tl )fqoblzblj 1,f0rz>0 j>1,7#i+2.

(5) d (5 @t} @) = qoboi1 @1, @Y, fori,j > 1,5 #i+2,i,i—1.
(6) d“lg(t2®t1®tp7) = —q1by 0®t1®tpj+t2®t1®qob1,j,l, forj >0, #2.
(7) d3(goth @tp)_qobh L, fori 1.

(8) dal9(th ®tp ®tp ) = qoba,i— 1®t1 ®tp Jfori g > 1,5 #i+2,i+1, 4.
(9) da’lg qotp ®tp )—qObQZ 1®t1 , forz > 1.

(10) d g(tp D8 @) = qobs;_1 @15 @, fori>1.

(11) da g(tg & to ® tl) = —q1bo @ ta ®11.

(12) dalg(tp Rt @) = qobri1 @ @t — 1) @ qoby; @

fori>1.
13) dglg(qth & tl) = —Q%bm Rty.
0 142 i 142 7 .
14) da(¢% o] @) =qbyia @t @, fori>1.
15) d3¥(ts @ 1) @t1) = —qiboo @1 @t
alg pi pi+1 pi+2 pi+1 pi+2 .

(
(
(
(
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Then, we can recover the following result directly from Proposition 5.3.

Theorem 5.4 (Wang [17]). Let p > 5 be an odd prime. Amongst the third
line basis in Table 3, all nontrivial Adams ds differentials can be summarized
as follows.

(1) dgdems (hihihy) = aobi_1hjhy — aohibj_1hy + aohibbe_y, k — 4 >
j—2>i>1.

(md#mw%hh)_ﬁm1h—ﬂﬁthj—2zizL
(3) d3“™s(aZhi) = afbi—y, i > 1.
M)ﬁmm@m»—mﬁ@lﬂ>0j>lj#z+2
(5) d{ms(g;h;) = agbai—1hihj, i,5 > 1,5 #i+2,i,i— 1.
(6) d5'%*™(gohj) = —aibohoh; + aogobj—1, j > 0,4 # 2.
(7) d29m (g,a0) = aZbo1hiy i > 1.
(8) d{™s(k;hj) = agbai—1hivihj, i,5 > 1,5 #i+2,i+1,i.
(9) d59ems(kiag) = adbai1hivi, i > 1.
(10) d;ldams(h:; zgz) — a0b3z 19, { > 1.
(11) d§9ms(h3g0) = —aibaogo.
(12) d5'9%™s(hy;gi11) = aobai—19i+1 — aohaiki, i > 1.
(13) d’;d“ms(algo) = —alboho
(14) dédams(hgﬂ H_Qh ) = aobgﬂ_lh“_zhi, 7 Z 1.
(15) d49ams(hg ohohg) = —aibaghahy.
(16) d5'9%™s(hg;kip1) = agbsi—1kiy1, i > 1.
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