Math 2177 midterm 2 review exercises

TA: Yu Zhang
October 23 2018

1 Solve systems of equations

Exercisel : Solve the following systems of linear equations:

T1— Xp+ T3 — Ty =2
$1+ZE2—2$3:1 ! 2 3 4

(1) {221 —3zo+23=—-8 (2)
31+ 20+ 43 =17

x1—$2+$3+l’420
4ZL‘1—4$2+4$3:4
—2x1 + 229 — 223 + x4 = —3

I = 0
Solution : (1) ¢ 25 =3
T3 = 1
r1=14+s—1
(2) iz - : where s,t are any real numbers.
5=
Ty = -1

2 Connection between homogeneous and non ho-
mogeneous equations

2 3 -1 -9
Exercise2:Let A= |0 1 1 1
-1 2 3 4
(1) Find all solutions to AT =0
3
(2) Find all solutions to AZ = b given that p = _75 is a solution to AZ = b.
0

Describe the solutions in parametric vector form, and give a geometric description
of the solution sets.

T —2t
Solution : (1) iz = BL , where ¢ is any real number.
5 —
Ty t



I 3 -2
(2) T2 _ TP +1 3 where ¢ is any real number.
T3 7 -4\’
Ty 0 1
3
Geometrically, it is a line in R?* passing through _75
0
2 1 7 =2
Exercised : Let A = |3 -2 0 11
1 1 5 -3
(1) Find all solutions to AT =0
3
(2) Find all solutions to AT = b given that p = _02 is a solution to AT = b.
0

Describe the solutions in parametric vector form, and give a geometric description
of the solution sets.

T —2s —t
Solution : (1) ? = _38;— A , where s, ¢ are any real numbers.
3
T4 t
1 3 —2 —1
(2) T2 _ |2 + s 3 +t 1 , where s, are any real numbers.
T3 0 1 0
Ty 0 0 1
3
Geometrically, it is a plane in R* passing through _02
0

3 Matrix operations

2 5
. 1 5 -3 4
Exercise4 : Compute |[—-1 3 {2 0 2 —3}

2 =2
12 10 4 -7
Solution: | 5 -5 9 —13
-2 10 —-10 14

12 3 =2 T
Exercise5 : Let A= |0 1 -2 —-1|,B= 1 Compute the following ma-
11 3 1

1
trix operations. Write "undefined” for expressions that are undefined.
(AT (2)BT (3)AB  (4)ATB (5)ABT (6)ATBT



10 1
Solution : (1) AT = 2 11 (2) BT =[-7 3 1 1]
’ 3 -2 3
-2 -1 1
0
(3)AB = |0| (4)Undefined (5) Undefined (6)Undefined
0
Exercise6 : Let A = [é 1] Compute A2, A3, A% AS.
1 4 1 6 1 8 1 10
s A2 3 _ 4_ 5 _
Solutlon.A—[0 1}’A_{O J,A—[O 1},/1—{0 1].

4 Linear combination, linearly dependence and
singular matrix

2 3 5
. -1 2 8 . .
Exercise7 : (1) Let v; = g = o w= | ol Determine whether w is
4 1 )

a linear combination of v; and wvs.
(2) Determine whether vy, v5 and w are linearly dependent.

Solution :
2 3 5 1 0 =2
-1 2 8 01 3
(1) 3 -2 12 00 O
4 1 =5 00 0
w = —2v; + 3vy i8 a linear combination of v; and v,.
(2) From (1), we know w = —2v; 4+ 3ve. Therefore —2v; +3vs —w =w —w =0
is a nonzero solution to xyv; + zoug + x3w = 0. v1, Vo and w are linearly dependent.
2 1 3 1
. -1 1 -11 ) .
Exercise8 : (1) Let A = 5 2 0 5 Determine whether A is singular.
| 0 -1 =2 1
2 [ 1 1
-1 1 1 )
(2) Let vy = g | V2= 2 , e Determine whether vy,
0 1
vy , v3 and vy are linearly dependent
Solution :
1 000
01 00 ) ) . .
(1) A~ 00 10 has pivot in each column. A is non singular.
0 0 01

(2) From (1) A has pivots in each column so x1v; 4+ Tovy + x3v3 + x4v4 = 0 only
has zero solution. vy, vy , v3 and vy are linearly independent.



Exercise9 : Let {v1,v9,v3} be linearly independent vectors. Determine whether
{201 + 3vg + v3,v1 — vy + 203,201 + v — w3} is linearly dependent.

Solution :

Consider the equation

1’1(2’01 + 3’02 + Ug) + IQ(Ul — Vg + 21}3) + .133(21]1 + vy — Ug) =0
We can rearrange this equation to
(21’1 + ) —|— 2%3)’01 —f- (3[)’21 — T2 + ZL‘3)U2 —f- (Il + 21’2 — I3)1}3 = 0

201 +x0+ 223 =0
Since {v1, vg,v3} is linearly independent, we must have { 3z, — x5 + 23 =0
T+ 205 — 23 =10
Solving this system of equations shows x; = x5 = x3 = 0. Therefore {2v; + 3vy +
v3, U1 — Vg + 2v3, 201 + vy — v3} is linearly independent.



